Concepts 1
Equations

(a) Simple Linear Equations :

Transposition : A term can be transposed from one side of the equation to the other by changing its
sign. A fraction is transposed, simply by inverting it. When simplifying the equations, always
keep the terms containing the unknowns on left hand side (LHS) of the equation and all the
other terms on right hand side (RHS).

1 5x + 17 =67

Sol. .. 5x=67-17=50 = 5x=50
. Xx=(1/5) x50=10
.. x=10.

2 (7x-4)I3 =x+4
Sol. . 7x-4=3(x+4)
SoIX-4=3x+12 .. 7x-3x=
4x =16

X =4,

3 (3x-5)7+ (5x+2)4=

Sol. In order to remove fractio
the denominators of the ab

ee terms appearing in

.~ 12x- 20 + 35x + 14 = 56
o ATX =62

Sol. Remove decimal po

12x+20+10x—4
35 7

Multiplying throughout by 35 (LCM of 35,7and5)
35(12 x +20) +35(10x—40) _ 35(6x+2)

plying numerator and denominator throughout by 10.

35 7 5
12x +20 +5(10 x - 40) = 7(6 x + 2) oo 12x+ 20 +50x - 200 = 42x + 14
12x+ 50 x-42x =14 - 20 + 200 o 20x =194 or x=1/20 x 194
SoX=97
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(b) Simultaneous Equations (Two Unknowns, Two Equations)

In order to obtain the two unknowns from the two given equations, equalize the coefficients of
any one unknown of the two equations. Add the equations or subtract one from the other so
that one unknown (whose coefficients were equalized) is eliminated. Solve the resulting
simple equation. Substitute the value thus obtained in either of the original equations so as to
obtain second unknown.

5  3x+4y=13 (1)
5x + 3y = 18 (2

Sol. To equalize the coefficients of y in the above two equations, multiply equation.(1) by 3 &
equation.(2) by 4 The resulting equations are...
9x + 12y = 39 3)
20x+ 12y =72 (4)
To eliminate one unknown, subtract equation.(3)

20x + 12y =72

- 9x+12y =39
11x =33

Substitute x = 3 in equation.

Thus, the resulting solutio

3X+2y 4x-y

4=0
4 5

iply equation (1) through by 20

Multiply equation:
2X+Yy
7 x +7X+7

SL2X+ Y+ TX+ Ty =42

I9x+8y=42 (4)
To equalize the coefficients, multiply equation.(3) by 4 and equation.(4) by 3. Which results
in. ..
124x + 24y = 320 (5)
27x + 24y = 126 (6)
97x =194
SO X = 2
Substituting x = 2 in equation.(4),
18 + 8y =42
8y =24 Ly=3

Solution Setis (2, 3).
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*  Some other Methods of solving Simultaneous equations
* To solve the equations of the type ax +by =c and b x +ay = d. Add and subtract these two
equations. Again add and subtract the resulting equations to get the solution.

e.g. 13x+17y=124 and 17x + 13y = 116.
Sol : Adding these two equations we get 30x + 30 y = 240 i.e. x+y = 8. Subtracting them we get
-4x + 4y =8. . - x+y = 2. Adding these two resulting equations we gety = 5. Hence x = 3

* To solve the equations of the type a/ (ax+B) + b/ (yy+3) = m and c/(ox+p) + d /(yy+3) = n. Put 1/(a
x+B) = X and 1/ (y y+3) = Y. Solve the equations for X and Y. Then solve for x and y.

* General Method : In General to solve the equations ax_+ by = ¢ and mx + ny = d, Write the
coefficient of y, x and constants as shown below

X y -1
b c a b
n d m n

Then x/(bd-cn) = y/(cm-ad) = (-1)/(an-bm)

* Number of Solutions : Consider the two equations
arx+bry=c;
aX+byy=c;
Then depending on the coeffi

er of solutions

+ b x + ¢ =0, where, a, b and ¢ are given numbers such that a is
own is called a quadratic equation. A quadratic equation cannot
. The two roots of a quadratic equation are given by:

—-b —/b*—4ac

2a

and p =

A = b2 - 4ac is called the discriminant of the guadratic equation. The term A can be negative,
zero or positive. The following table illustrates the relationship between A and the two roots of
the quadratic equation.

A =b’- 4ac Nature of Roots Form/Value
>0 Real and Unequal; Two Distinct Roots | (-b + VA)/2a;
If it is a perfect square then roots are rational otherwise irrational.
=0 Real and Equal -b/2a
<0 Imaginary Roots p +iq

If o and B are the two roots of a quadratic equation then the quadratic equation can be written
as:
(x- o) (x-PB)=0. or, X2 - (0 +B) X + ap =0

| x2 - (sum of the roots) x + (product of the roots) =0 |
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(d)

The sign of the expression (x-a)(x-b) where (a<b)

Casel l.

(x-a)(x-b)is+ve
Above is possible if either both factors are + ve or both -ve
As a<b; xdoes not lie between aand b,i.e. x<a or x>b.

Caselll.

EX.

Sol.

EX.

Sol.

EX.

EX.

Sol.

EX.

Sol.

(x-a)(x-b)is-ve
Above is possible if one of the factors is + ve and the otheris - ve
s X<aand x>b orx>aandx<b

As a<b; x lies betweenaand b,i.e.a<x<b
Form a quadratic equation whose roots are 3 and 7.

A quadratic equation whose roots are known can
x2 - (ZSum of the Roots)x + Product of the Roots =
ie.x2-B+7)X+@Bx7)=0 ..x2-10x+21=0i

Solve the following eqzuations forxandy
2 +y?=3 (1

From equation.(2),x=2 - .

+1) (x+3)

12x° + 36 + 4x + 3)

8x° + 32x e, xX-4x-21=0

X2 - 3X + TX -2 i.e., X(x-3)+7(x-3)
x+7)(x-3) x+7)=0 Or, x-3)=0

Solve the following quadra
(1) 15y*-11y +2=0 (i) x> -6x + 9 =0
(i) 15y2 - 5y - 6y + 2 =0 = 5y(3y - 1) - 2(3y - 1) = 0

5 (5y-2)(By-1)=0=(5y-2)=00r, (3y-1)=0

- y=2/50r,y=1/3.

i) (x-3)°=0 X =3.

For what value of m is the expression 4x%-6x+ma perfect square ?

For Given expression to be a perfect square the last term (L.T.) is given by

|LT.=(MT)?/4xF.T. |

Where M.T. = Middle term and F.T. = First term
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o L.T.=(-6%)°/ 4x(4 x°) = 9/4.
Thus the given equation is a perfect square when, m = 9/4.

Ex. For what value of k will the equation 2y2 + 3ky + 18 = 0 have equal roots ?

Sol. Here,a=2, b=3kandc=18. A quadratic equation has equal roots when the discriminant
b? - 4ac is zero.
If, (3k)?-4(2x18)=0 Then, 9k* = 144 and k = V16 k = 4.

(d) Indeterminate Equations

Consider the following equation
3x+4y =10
The above equation has two unknowns viz. x and y. It i
we get a corresponding value of y.
eg.ifx=2,y=1
ifx=-2,y=4.

Thus the above equation can have infinite solutio
greater than the number of equations, there will b
equations in that case are said to be indeterminate.

(e) Simultaneous Quadratic
Ex. Solvex+y=18,xy=45
Sol. x+y=18 ..........

Xy=45..........
Squaring (1) we get X? + 2

=12 .. x= y=
-y=-12 .. x=3,y=15

EX.

Sol.

Now solving equa in the previous example we get, x =12, y=4o0rx=4,y =12
Ex. Solve x*-y®*=999, x -

Sol. x*-y*=999... (1)

X -y = 3 (2)

Dividing (1) by (2) , x> + xy + y* = 333... ...... (3)

Squaring (2), X2-2xy +y?=9......... (4)

Subtracting, 3xy =324 or xy=108......... (5)

From 2 & 5, proceeding as in the previous problem, x=12,y=9 orx=-9,y =-12
Ex. Solve 1/x - 1ly = 1/3, 1% + 1ly* = 5/9
Sol. Ux-1y=1/3 . (1)

I+ AN =519 oo (2)

Squaring 1, 1/x% - 2/xy + 1ly*=1/9 ...... (3)
Subtracting 3 from 2, 2/xy = 4/9
Adding this to 2, we get,

1+ 2/xy + 1y* =1 L Ax+ 1y =+1

clear that by ascribing any value to x,

ber of unknowns is
solutions. The
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Solving together with 1, 1/x = 2/3 or 1/x = -1/3, 1/y = 1/3 or 1/y = -2/3
x=3/2or-3andy=3or-3/2

(f) Theory Of Equations

The degree of an equation is the highest power of the variable in the given equation and the
roots are those values of the variable, which satisfy the given equation and maximum possible
number of real roots of the equation can be equal to the degree of the equation.

Rules for finding the nature of roots of the given equation

1.

If all the coefficients of the given equation are positive, the equation has no positive root; thus
the equation x> + x* + x>+ 2x + 1 = 0 cannot have any positive root.

If the coefficients of the even powers of x are all of ign, and the coefficients of the odd
powers are all of the opposite sign, the equation h
fore.g. X' +x°-2x* +x%- 3x* + 7x - 5 = 0 this eq

If the equation contains only even powers of x an same sign, the
equation has no real roots;

Thus the equation 2x° + 4x* + 2x°+ 9 = 0; will have no r

If the equation contains only ign, the
equation has no real root, e

X"+ x>+ x>+ x = 0 will hav

All the above rules can be i i artes' rule of signs.
The rule states that f (x) =
f (), and cannot have mor gninf(-x)
For example v
Only one ¢
positive

it cannot have more than one

one change in sign is therefore it

positive, one negative root and degree of the equation is 4 so
equal to 4. So there must be at least 2 imaginary roots.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

EXERCISE 1
Solve for x : 5x - 17 + 3x - 5= 6x - 7 - 8x + 115.
X-B+{x-@+x)=5
(x+1)% + 2(x + 3)° = 3x(x + 2) + 35
(X + 1)(X + 2)(X + 6) = X* + 9% + 4(7x - 1)
(3a+1)(2a-7)=6(a-3)*+7

5/x+6ly=3, 15/x+3ly=4

The sum of a number of two digits and of a numbg
the difference in the digits is 6. Find the numbers.

eversing the digits is 110, and

Six pigs and seven goats can be bought for Rs. 250
bought for Rs. 4610. What is the cost of each animal ~

d eleven pigs are
The middle digit of a three digit
reversed, the number so form igi ber ?

A fraction becomes 1/2 and 2 is added to the
denominator, and becom 2rator and 2 from the

denominator. What is the

Solve the following quadra
(@) x°-8x+ 0

() 7% -
(c) (83 +5V-1)/2

equation x% + bx + ¢ = 0, form an equation whose roots are (p -

1 the roots of the equation ax’+bx+c=0are...

(i) Equal in mag dpposite in sign (i) Reciprocals

What is the common of a, b, ¢, p, g and r for the equations ax2 + bx + ¢ = 0 and

PX2 +gx+r=07?

x2-6x+m=0isa quadratic equation with one root given by 3 + V2. Find m and the second
root.

What is the nature of roots of the following quadratic equations
(@) 3x°-14x+2=0 (b) 3 (5x +1) = 17x

Find a value of h for which the roots of the equation 5x? - 2hx = -5 are real and equal.
Solve x> +y*= 407, x +y = 11

Solve 1/x+1ly=2,x+y=2

Solve 1/x* + 1/y* = 61/900, xy = 30

Solve 1/x + 1/y = 7/12, xy = 12
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

36.

38.

39.

40.

41.

42.

43.

44.

45.

Solve x* +y? =185, x -y =3

X3 -y* =56, X+ xy +y> =28

(X-y)/10 =1, X*- 4xy +y* = 52

Find two numbers such that their sum is 29, and the larger exceeds the smaller by 9.

A man walks 1 km, covers the second part of the journey on horseback, and then twice as
much by car. If the entire journey is 10 km, how far does he travel on horseback ?

Divide Rs. 38 between A, B, and C, such that B has Rs. 5 more than A, and C has Rs. 10
more than B.

Find a number such that if 5, 15, and 35 are a ct of the first and the third

results is equal to the square of the second.

If seven-eighteenths, five-twelfths, and a sixteenth 125, find the
number.

Two-fifths of A's money is equal
Rs. 770. how much does eac

The width of a room is two,
3 feet less, the room woul

Solve the following equati

een them

. uch as much as R, and Q has three
pgether have Rs.

ess than P. Find the share of each.

One-eleve ceeds one-seventh of B's by two years. Twice B's age is same as
A's age thirte 0. Find their present ages.

A man has a nu
turned into five-paise
If the rupees were turne
would have Rs. 1.95 less:

upee and five-paise coins. He observes that if the rupees were
e five-paise coins into rupees, he would have Rs. 5.70 more.
paise coins and the five-paise coins into ten-paise coins, he
uch amount does he have ?

In a bag containing black and white balls , half the number of white ones is equal to a third of
the number of black, and twice the whole number of balls exceeds three times the number of
black balls by four. How many balls does the bag contain ?

The wages of 10 men and 8 boys amount to Rs. 37. If 4 men together receive Rs. 1 more than
6 boys, what are the wages of man and boy ?

A man is five times as old as his son. The sum of the squares of their ages is 2106. Find their
ages.

The sum of the reciprocals of two consecutive numbers is ( 15/ 56 ). Find the numbers.

A hall can be paved with 200 square tiles of a certain size. If each tile were 5 cm longer each
way, covering the same area would take 128 tiles. Find the length of each tile.
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46.

47.

A merchant bought certain metres of cloth for Rs. 50. He kept 5 m for himself and sold the rest
at Re.1 per metre more than he gave, and made a profit of Rs. 10. How many metres did he
buy ?

Two farmers A and B have 30 cows between them. They sell their cows at different prices, but
each receives the same sum. If A had sold his cows at B's price he would have received
Rs.3200. Had B sold his cows at A's price he would have received Rs. 2450. How many cows
did each one have ?

Find the values of x and y in each of the following sets of equations.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

60.

ax+hby = 2;abxy = 1.

X-y = 1O;x2-4xy+y2 = 52

1 l—2'x+ =2
x Ty T XY=

What is the value of (a®+ p%), if a and B are the roots

A square metallic plate of side
in the area of the plate?

X+ 43 +6X° +4x+5=0

equal. Then find the

If the roots of the equatio
relation between a, b and

he interval in which a lies.

If the roots

+ 79 = 0 are reciprocals of each

many minim nary roots are possible?

Find the g +gx - r = 0 may have two roots equal but with opposite sign.

Find the sum of the roots of the equation

X2 - pxE+ QX -f =

What may be inferre roots of the equation 4x° + x* +2x -3 = 0?
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1. 13
4. 2

7. 28,82

10. (15/26)

(c) (13 + V85)/14
0

(c) 2x%-6x+17=0

15. a =(cp - ra)/(aq - pb)
17.(a)Complex

18. h=%5
21.(+6,+5),(+5,+6)
24.(4,2),(-2,-4)
27.3km

30. 144
33.20
36. 7
39.55, 21
42.Rs. 25,15

45.20 cm

ANSWERS

2.5 3.2
5. 4 6.5 3
8. 230, 160 9. 308
11(a). 4 (b) 1/4, 2/3

12(a) 6x2 +13x-5=0 (b) (pa)x2 - (p2+ q2)x + pq =

13. X?-2(b?-2c)x + b? (b*- 14.()b=0 (i) c=a
16. (7, 3-2)
(b)Real&Unequal

19.(7,4),(4,7)

32.718, 12

35.- (1/7)
38.P-140, Q-60, R-70, S-20
41.b=12,w=8

44.7,8

47.16, 14

48.(1/a, 1/b) 20r-2&-12 50.1,1
51. (1/p%)(3par - ¢°) Jed)(2+1/¢d).

53. Two complex & two negative real roots.

54.a=0ora’+b’*+c*=3abc 55.-2<a<8 56. 3/ 7
57. At least 6 imaginary roots 58.p.q=r 59. p°—2q

60. One positive, one negative and 4 imaginary

Pankaj Gandhi’s Academy/Algebra 12



Concepts 2

Ratio, Proportion, Variation

Number 5 is one third of 15 or 15 is three times 5. In such a situation we say that the ratio of 5 to 15
is equal to 1/3 or the ratio of 15 to 5 is equal to 3. The ratio of number a and number b is the quotient
of aand b and is expressed as a : b or a/b.

Anyratioa:b=ka:kb knotequaltoO

If a/b=c/d then
b/a=d/c

al/c = b/d

d/b =cl/a
(a+b)b=(c+d)d

(a-b)b =(c-d)d
(a+b)/(a-b)=(c+d)c-d)

If a.]_/bl = a2/b2= a3/b3 =

If four numbers a, b, c, d are in : 2 d. the fourth
proportional to a, b and ¢c. Num
called the means.

If a:b=c:d then the product i mathematically, ad =
bc. This is the test for proportion

continued proportion. If a, b, ¢
are in continuee [ tween a & ¢ and b2 = ac.

2. Ifa/b>1, if x> 0.

3. Ifa/b <1, then + X ) > alb. ifx>0

4, Ifa/b=1,then(a-x ifx= a
5. Ifab>1,then(a-x)/(b > a/b. ifx>0andx<b
6. Ifab<1,then(a-x)/(b-x)<alb. ifx>0andx<b

Ex. (2a+ 3b): a-b:: 2:3find the value of 2 + (a/b)

Sol. (2a+3b)/(a-b)=2/3 -.6a+9b=2a-2b
i.e. 4a=-11b .. (a/b) = -(11/4)

Thus, 2 + (a/b) =-(3/4)
Ex. If 4, xand 25 are in continued proportion, find x.

Sol. Since the three numbers are in continued proportion
x2=25x4=100 ..x=+10
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Ex. Find the fourth proportional to: 12, 20, 9

Sol. Let the fourth proportional be x
Product of the means is equal to the product of the extremes
S 12xx=20x%x9 ie.x=180/12=15

Variation: A quantity A is said to vary directly as quantity B when, the two quantities depend upon
each other in such a manner that if B is changed, A is changed in the same ratio.

A o« B (A varies as B)
Then, A = kB Where, k is a constant.

A quantity A is said to vary inversely as quantity B whe
Mathematically, this can be expressed as:

aries directly as the reciprocal of B.

A =k/B Where, k is a constant

A quantity is said to vary jointly as number of others when it
A=k (B xC)

A is said to vary directly as B and invi
Ex. If A=4when B =24, find

Sol. A=kB ..k=A/Bie. k=
When, A=7,1/6 =7/B

Ex. d xwhenyis 4.
Sol.
Ex. 5 its base when height is constant and as height when base is

m and height is 10 cm, the area of the triangle is 20 cm?. Find the
area of the triangle is 25 cm? and its height is 5 cm.

constant.
length of the

Sol. Area « Base X F
A=kxBxH
20=k x4 x10
k=1/2
25=1/2xB x5
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10.

11.

12.

13.

14.

15.

16.

17.

18.

EXERCISE 2

What number must be added to each term of the ratio 5 : 37 to make itequalto1:3 ?
Ifx:y::3:4Findtheratioof 7x -4y :3x +y

Find the fourth proportional to 5, 3, 10

Find the mean proportional between (x/y) + (y/x) and x3/y(x2 + y2)

If a/3=Dh/5=c/l=(3a+5b-7c)/x Find x.

The two sides of a rectangle are in the ratio 3:2. If the area of the rectangle is 96 cm?2. Find
length of each side

If 422 + 8b2 = 12ab. Finda:b

Ages of husband and wife are in the ratio 5 : 4. Afte
:9. Find their present ages.

ir ages will be 10

Find four proportional such that t and

sum of the squares of all the f

Volume of a right circular
constant, and as height wl
when the radius of the ba
is 7 cm and the volume is

e base when height is
he cylinder is 88 cm3
ius when the height

If a varies direc ofcandifa=4whenb=16 &

terinthe ratiox: 1 andy :1. Find
ntainers are mixed.

gravity between the two bodies varies directly as their masses
of the distance separating the two bodies. If two bodies weighing
g are separated by a distance of 1000 m, the force of attraction is
separating the two bodies weighing 11x 10° kg and 2x10° kg and
exerting a force

2 square of its radius. If the area of the circle is 154 cm? when
when the radius is 10.5 cm.

The area of a circle v
the radiusis 7 cm, find't

The value of a coin varies directly as the square of its diameter, thickness remaining constant.
The value also varies directly as the thickness, the diameter remaining constant. Two coins
have their diameters in the ratio 4 : 3. If their values are in the ratio 4 : 1 find the ratio of their
thickness’.

The time taken by an object to fall from a height varies as the square root of the height from
which it falls. It takes 3 seconds to fall 44.10 metres. What time would it take to fall 122.5
metres?

The altitude of a triangle varies directly as its area and inversely as its base. A triangle has a
base of 4 metres, an area of 6 square metres and an altitude of 3 metres. Find the altitude of a
triangle with area 12 square metres and base 8 metres.

Two numbers are in the ratio 3 : 4. If 7 is subtracted from them the remainders are in the ratio
2 : 3. Find the two numbers.
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19.

20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

The volume of a certain solid varies jointly as the area of its base and its height. when the area
of its base is 60 square metres and the height is 14 metres, the volume is 280 cubic metres.
What is the area of base if the volume is 390 cubic metres and the height is 26 metres ?

p varies inversely as qz— 1. If p =24 when g = 10, find p when g = 5.

If (x> +y?)/(m®+n?)=xy/mn, then find (x+y)/(x-y).

If 12x° + 3y” - 13xy = 0, then find the ratio x/y.

The numerator of a fraction is smaller than the denominator by 2. Find the fraction, if it

becomes 10/9 times the original, when the numerator and the denominator both are increased
by 1.

If the volume of a sphere is given by V = (4/3)r r* ace area by S = 4x r°. Find the

volume in terms of the surface area.

= 47 . How many
eeds 4 liters of

If the volume of a sphere is given by V = (4/3)n ra
liters of paint is required to paint the surface of a sp
the same paint to paint a similar sphere of radius twice

If ulv = w/x = y/z, then show tha

Divide 372 into five parts in i f sum of the second and
fourth parts to the sum of t :
The ratio of the measures d ZC is 1:5%. What
are the measures of the an

If G +y%) [ 79 ay?)/ (4y*)} and {(2x - 3y)/ (2x +
tio 1:2:5:4. What are the measures

C e of 252 marks in a total of five different subjects. Each subject
had a ma’ arks and required a minimum of 40% for passing in that subject.
Samar’s ma are twice those obtained in English. The ratio of marks obtained in
in Science is 7:9, whereas, the ratio of the marks obtained in
Sanskrit is 3:5. In Mathematics, the marks obtained by Samar are
arks obtained by him in the above three languages. In which

Science to those O
exactly equal to ha
subject did Samar fail

The wavelength (1) of sound and its frequency (n) are in inverse proportion to each other. The
frequency is 400 Hz when the wavelength is 80 cm. What is the wave-length of sound when its
frequency is 320 Hz.

The distance through which a heavy body falls from rest varies directly as the square of time
for which it falls. In 4 seconds a body covers a distance of 33 metres more than the distance it
covers in 3 seconds. Find the distance through which the body will fall in 7 seconds.

In a deflection magnetometer, the deflection ‘d’ of a given material varies directly as the
applied load ‘W’, cube of its length ‘L’ and inversely as its moment of inertia ‘I'. If the load is
increased by 25% and the moment of inertia of the material is decreased to 16/25 times the
original, what should be the percent change in the length of the material so that deflection
remains the same?

The value of a diamond is proportional to the square root of its weight. Find the gain by cutting
a diamond worth Rs. 1000 into two pieces whose weights are in the ratio 9 : 16.
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ANSWERS

1. 11 2. 5:13 3.6

4. xly 5. 27 6. 12,8

7. lor2 8. 25,20

9.6:9::10:150r6:10::9:15 10.63cm 11. 256
X+VY+2X

12. M 13. 20\V5 m 14. 346.5 cm?

2+X+Y
15.9:4 16. 5 seconds 17. 3 metres

18. 21, 28 19.45sg. m 20.99
21. £ (m+n)/(m-n) 22. 3/4, 1/3. 3/5 or —6/-4
24.V = (1/3).(S? 14n )2 25. 1 litre. , 96, 192

28. 20°, 50°, 110°.
30. Cyclic; 30°, 60°, 150°, 120° , Science-4.

33.231m. Rs. 400.
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Concepts 3

Functions

Function is a relation between independent and dependent variable such that for one value of
independent variable there is only one value of dependent variable.

For example: If x and y are the two variables, let x be the independent and y be the dependent
variable, so it can be written as y = f(x), meaning thereby, y depends on x.

The significance of "f" is to show the relation between independent and dependent variable. One can
also write "g","h" etc.in place of "f".

Now if y = f(x) = x* + 1, here "x*+ 1" gives the relation.

Terms related to functions
Domain: Set of values which independent variable can take

Range: Set of values which dependent variable can ha es of
independent variable is known as Ran

Types of correspondence: Ther

1. One to one corresponden indé variable there is only
one value of dependent varia

For example: y = f(x) = x* + 1, he an take four values, they
are {1,2,3,4} and i the values of x.Now substitute
the first value of lue of y which is equal to 2, (y =
12+1=2).Sig ,5,10,17}

The picta lues of y corresponding to x and the
mapping

The arrow shov ce i.e. one value of x gives only one value of y.

Values of independent variable , x  Corresponding values of
dependant variable, y

2. Many to one correspondence: For many values of independent variable there is only one value
of dependent variable

For example: y = f(x) = X%, Let domain of x is{1,-1,2,-2},corresponding values of y i.e. range becomes
{1,2}.

The mapping is shown in the next figure.

The arrow shows the correspondence i.e. many values of x give only one value of y.
Pankaj Gandhi’s Academy/Algebra 18



Values of independent variable, Correspon
X depe

3. One to many correspondence: It means, one val
violation of the definition of function hence not a functio

es of y, since it is

For example: y = f(x) = + \x. Let x takes two values {1,4}, the
1, 2, -2}. Here one can see that one val
Hence the relation is not a function.

The mapping is shown below

variable, x ~ Corresponding values of

dependant variable, y
Types of functions

1. Even functions: Functi

ow the rule f(-x) = f(x) are known as even functions.
For example: f(x) = x*; f(-

= f(x)

2. Odd functions: Functions which*follow the rule f(-x) = -f(x) are known as odd functions.
For example: f(x) = x; f(-x) = (-X) = -x = -f(X)

3. Neither even nor odd: There are some functions which neither follow f(-x) = f(x) nor f(-x) = -f(x)
rule are known as neither even nor odd.
For example: f(x) = x + a where a is a constant. f(-x) = (-x) + a = -x + a = f(x) = -f(x)

4. Composite functions: Composite functions are function of a function.
For example: f(xX) = x + 1; g(x) = x? + 4, two functions are given. Now f,g(x) and g.f(x) are known as
composite functions can also be written as f(g(x)) and g(f(x)). Substitute g(x) in place of x in f(x)
and the value of g(x) in place of x in the relation of f(x) x +1 we get f(g(x)) = (x> + 4) +1. Similarly
g(f(x)) = (x + 1) + 4

5. Constant functions: Constant functions are one which give a constant value for all the values of
independent variable. f(x) = K where K is a constant.
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6. Identity function: there is only one identity function i.e. y = f(X) = x, it's plot always passes through
origin and the values of independent and dependent variables are always same.

Types of curves
1109 =4 2.1 =x°
() g™

[EY

f(x)

3. f(x) =x

X

f(x) f(x) | -1 01 0 -1
5. f(x) = sinx 6. f(x) = e*
f
e 2.71 19
1
—/
2 1 1 2 "
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X n |2 |0 | -n/2|-%
fx) |0 |1 0 | -1 0
7. f(x) = log x
f(x)
1
0 1 10
-1
X 0.1 1 10
f(x) -1 0 1

Some properties of straight line

1. f(x) = x ; A straight line passin

2.fx) =K ; A
F()

f(x)

0.13

037 |1 |271 |7.34

X axis, always represents an even function.

3. f(x) = mx + c ;A straight line neither parallel to x axis nor passing through origin, always

represents a function which is neither even nor odd.

F()

21
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Reflection of curve about various axis

We will take an example to learn the reflection(rotation) of a curve.
Lety = f(x) = x and the curve is drawn below

f(x)
y = f(x)

1. Reflection of the curve about vertical axis: Now
axis(i.e. vertical axis) it will be like the curve given belo

£(x)

2. Reflection
x axis(i.e

reflection of original curve about

3. Reflection of the curve about both the axis: This can be done in both ways i.e. either the curve
can be reflected first about vertical axis followed by the reflection of this about horizontal axis or
vice-a-versa. The final figure is shown below

f(x)
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Method of reflection (Mirror image method): This method is used to know the type of function by
rotating the curve about various axis.We assume that y is a function of x

Method of reflection for even function: If the curve is symmetrical about vertical axis(i.e. f(x) axis),
it represents an even function.In other words if we rotate the given curve about vertical axis and if it is
same as the original one, the function (whose curve is given) is an even function.

For example: The curve given below is symmetrical about vertical axis and again we know that it is
the curve of y = f(x) = x?,which is an even function.

F(x)

Method of reflection for odd function
reflection of the reflected curve abo
the function(whose curve is given) i
For example: The curve given b
rotated as per the method,it rem

Note: The curves that do n
that are neither even nor odd.
Example: The given curve is of

r of the two methods given above represent functions
=log x and it is neither even nor odd

F()
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

EXERCISE 3
If f(x) = x* - 3x% + 6x° - 10x + 16, find f(4)
If f(t) = 2t% + 2/t? + 5/t + 5t, what is f(1/t) ?
If f(x, y) = 3x° - 2xy - y* + 4, find f(1, -1)
If f(x) = (x + 3)/(4x - 5), and t = (3 + 5x)/(4x - 1); what is f(t) ?
f(x) =[x + (1/X)], g (x) = x +1. Find g { f [(1/x) *]}.

If f (x) = X, find, in terms of f (x) , the value of [f(-x)]?

Iff(x)=8and g (x) = y2 + 1, find g.f(x).
If f (x) =alogio x, g (X) =log x 10 where a is nonze ms of f (x).
Iff(xy) = X% + y2 , g (Xy) = x2y2, and h (x,y) = x -y, find € e functions.

If f(x) =x3-x*-x+1 and g(x) = x*
a. f(x) = (x+1) g(x) b. f(x) /

If f(x) = log,x* and g(x) =
What is f (2), if f (\Vx) = x
What is f ( V3/2), if f (x) = [(
f(x)=3x-£&

A fune : tes of a point such that x = f(y).
value of f{3, g(3)}?

A functio 5IX° + 41X + 31 + 2/%° +1/x +1+ x +2x% + 33 + 4x* + 5x°. If f(2) =
> of f(1/2)?

f(oy+2)=y
f(x+5,y) =f(x, e value of f (5,6)
If the function is same & 2d above, then how many steps will be required to have the

solution for f (15, 6 ).
f(x,y)=x" whenx>y
f(xy)=y" wheny>xthenf(4,5)-f(4,3)isalways divisible by ( given n is an even
number)

a. 61 b.189 c.bothaandb d. none of these.

f(xy)=x2+y® g (xy)=x*+y% h(x y)=xywhatis the relationship in between the three
functions?

f(X)=y=(3x+4)/(5x+3) then how is x = f (y) defined?

f(a,b)=a?+b*,g(a b)=a+b Thenwhatis the value of f (3, g (3, 4))
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24.

25.

26.

27.

28.

29.

f(x,y)=1+2+3+........ +x ifx>y
=1+2+3+........ +y,ify>x
Then find the value of (f(0,1)+f(2,1)+f(2,3)+f(4,3)+.............. f(10,9)

f(x)=x/(x+1)
P (x)=(-1)f""(x) n>1
find the value of f*(1).

If f(x) is a polynomial function of the second degree such that f(-3)=6,f(0)=6 & f(2)=11,then the
graph of the function f(x) cuts at the ordinate x=1 at which point ?

If following three sets of instructions are applied to the given graph, then what will be the
answer Graphs? And what will be the relation among all these graphs?

(@) (i) F(-x) (i) -F(-x) (iii) -F(x) (i) F(-x) (iii) -2F(x)

(c) (HF(-x) (i) -3F(x)(iii) -1/3F(-x)

F(x)

(a) (i) -1/3 F(x) (i) F(-x)
(c) (i) F() (i) -1/3 F(-x) (iii) -F(x)

(b) (i) -F(x) (ii) F(-x) (iii) -1/3F(x)

If the following instructions are applied to graph of F(x), then what will be the answer figure?
(1) F(-x) (ii) -1/2 F(x) (iii) -2F(-x)
F(x)
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30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

If f(x) = 1/(1-x), g(xX)= f[f(x)1& h(x) = f[f{f(x)}]; a=f(x)+g(x)+h(x) & b = f(x)g(x)h(x)then what will be
aé&b?

Function y = log,(x +\/(x2 +1) ), is odd or even? What will be the property of graph of this
function?

Find Domain and Range of following functions?
() f(x) = DN(x-[x|) (i) f(X) = (x+1)/(2x — 1)

Assuming y to be a function of x, state whether the functions plotted below are odd or even.

F()

@ \

F()

Find out wr;ether the func or even.

-X

hy=2
of x, f(1/x)

of highest four digit perfect square.

Iff (x,y) = X
Where n and m 3
powers are consecut

‘2’& ‘3’ respectively, which are obtained when their
mbers. Then find out the value of f(x,y).g(x,y)/2 .

Ordinate of a line parallel't
co-ordinates axis.

y = 4, is 9.Find the area enclosed by two parallel lines and two

US is planning to conduct a missile defense test. The path of the missile, which has to be
targeted, is a second-degree polynomial function of time, in which constant term is negligible.
The path of the Interceptor, which is supposed to hit the missile, is also given by the same
polynomial, with constant term having considerable value. Will this test be successful?

If F(x,y,z) =I xI + lyl +1zl ,for all real values of x and G(x,y,z) = Ix+y+zl, for all real vales of x,
then what will be the relation between these two functions?
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ANSWERS

1.136 2. f(t) 3.8 4.x 5.[f(x)]*-1

6. 1/ [f(x)]? 7.y%+1 8.alla-f)] 9. [h Y = fxy) - 2./ g(x,y)
10. (a) 11. f(x) = 4/g(x)  12.85 13. 3 14. (2x+5)/3
15. (-3, -3). 16. 90. 17. 260.78. 18.8 19. 4 steps

20.c 21 £(%y) ={g (X, y) +2h (% V{9 (X, y) - h (X, y)}

22.x=(3y - 4)/ (3-5y) 23. 352 24. 220 25.3

26.(1,8) 28. not possible  30. a = (2- 31. odd
32.(i) not defined, (i) D; =R - { 1/2 }, R =R — {1/2}
34. (i) even, (i) NENO 35.no real value ‘ ~ 02500 x\y

37. X%%12 uccessful
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Concepts 4
Inequalities

A quantity a is greater than another quantity b if a - b is positive. Also b less than a if b - a is
negative. Zero is regarded as greater than any negative quantity and less than any positive quantity.

Elementary properties of inequalities:
(i) For any two real numbers a and b, we have
a>bora=borac<h.

(i) Ifa>bandb>c,thena>c.

(iii)  Ifa>b,thena+ m>b+m,forany real number m.

(iv) Ifa>b, thenam >bm for m >0 and am < bm for
the inequality by a negative quantity, the sign of th

we multiply both sides of
(vy If az0andb=0anda>b,then

(1/a) < (1/b).
(V|) If a; > bl , dp > bz, ..........

and aj. ap. as........ a, > b,

(vii)

(viii)

nd less than the greatest of the

(x)

()

(xi)
(xii) (1+1n)" <3
(xiii) a’b + b% + c?a> 3abc
(xiv) a/b +blc+c/d +dla>4
(xv) a*+b*+c*+d*>4abed

(xvi) When a+b+c+... = Constant then a™b"c"...... will be greatestifa/m=b/n=clp=......

Some Important Properties:
() Ifx>0anda>b>0;thena”>b",

(i) Ila>1landx>y>0;thena*>a’,

(i) IfOo<a<landx>y>0;thena‘<a’,
(iv) Ifa>1andx>y,thenlog,x>log,y.

(v) IfO<a<landx>y, thenlogsx<log,y.
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Some theorems on inequalities:

1.  Sinceforallreala, a®>0. . (Va-Vb)>’>0=a+b-2(ab)>0.
. (a+b)2 >(ab)
.. The Arithmetic Mean of two positive quantities is greater than or equal to their Geometric
Mean. Similarly V(ab) > [2ab / (a+b)]. Hence the Geometric Mean > Harmonic Mean

2. Ifa;>0,i=1,2,3, ... n, then
(agt+tayt+taz+........ +a,)/n>(a;.a.az. ......... . an
that is, the geometric mean of n positive quantities cannot exceed their arithmetic mean.

)1/n

3. If the sum of two positive quantities is constant, then their product is greatest when they are
equal; and if their product is constant, then their sum is least when they are equal.

4, fa>0(i=1,2,.... n)anda; +a, + ........
greatest when a = ay=ag= ........ = an.

nstant, then the product a;.a,.....a, is

5. Ifa>0,i=1, 2,....... n, then

() (a™+a" +........ +a,")/n>(ay+a+ag+....
if m> 1 or mis any negative quantity.
(i) (a"+a," +........ +a")/n<(ap+a,+ag+ ...
ifo<m<1.

In Particular Fora,b>0
@"+bM/2>[(a+b)/2
@"+b™/2<[(a+b)/

That is, arithmetic mean o ater than the m™ power

of their arithmetic.mean in al

onstant is least when they are

maximum at a single point or may have maxima at a number of
nction is the largest value in the entire range of the function, and
ue in some local neighborhood.

A continuou
points. An abs
a local maximu

ne a minimum at a single point or may have minima at a number of
ction is the smallest value in the entire range of the function,
alue in some local neighborhood

A continuous functio
points. An abslolute mi
while a local minimum is tf

fixy=0 flixi<0,
Frx)=0
flxy<0 fix)=0
fix) >0 Fix) <0 f j,-ﬂ}=_ %ﬂ Flix) <0,
Fix)=0 Fio = flix<0
maximumn miRinLm stationary point

Absolute Maxima and Absolute Minima

Let f be a function defined on a set D, then

(1) fis said to be absolutely maximum at ceD if and only if f(x) < f(c) for all xe D, and c is called
point of absolute maximum and f(c) is called absolute maximum value of f on D.
The absolute maximum value whenever it exists is unique. There can also be more than one
points of absolute maximum.
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(2) fis said to be absolutely minimum at deD if and only if f(x) > f(d) for all xe D, and d is called
point of absolute minimum and f(d) is called absolute minimum value of f on D.
The absolute minimum value whenever it exists is unique. There can also be more than one
points of absolute minimum.

1 f(c)

0

+—

Examples

(1) Consider the function f(x) elow. The maximum

(absolute) value of graph is 1 an

Further, we note that n/2 and -3n/2"are the points of absolute maximum as f(/2) = sin(n/2) = 1

and f(-3n/2) = sin(-3n/2) = - sin(2xn -n/2) = sin(n/2) = 1.

Also -/2 and 37/2 are the points of absolute minimum as f(-n/2) = sin (-n/2) = - sin (x/2) = -1 and
f(3n/2) = sin3n/2 = sin(2x - n/2) =-sin(n/2) = -1.

(2) Consider the function f(x) = cosx, xe [-r, ©/2].Its graph is shown below. The maximum (absolute)
value of f(x) is 1 and the minimum (absolute) value is -1.
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f(x)

T -m/2 X
0 /2

-1

Further we note that O is the only point of absolute maxim
absolute minimum as f(-n) = cos(-r) = cos(n) = -1.

f(0) = 1 and -& is the only point of

Working rule for finding absolute maximum and mini

If f is a differentiable function in [a,b] except at finitely m te maximum
and minimum adopt the following procedure:
(1) Find f'(x) and locate the points in (a,b)
(2) Find the values of x in (a,b) for whi
(3) Evaluate f(x) at the points obtai
(4) Maximum of all the values ob

these is the absolute minimu

the the minimum of

Note: Thus, we find that if a fu
then absolute maximum (or mini

finitely many points

.. Minimum value of
Note that 1 = f(n/2) and

Jlaximum value of f(x) is 5.

Local Maxima and Loca

Let f be a function defined on a set'D. Suppose there is an open interval | in the domain of f, then,
(1) fis said to be maximum at cel if and only if f(x) < f(c) for all xel, and c is called the point of
local maximum and f(c) is called local maximum value of f on D.

(2) fis said to be minimum at del if and only if f(x) > f(d) for all xel, and d is called the point of
local minimum and f(d) is called local minimum value of f on D.

Examples
a and b are real numbers and a < b.

Let a = -3 and b = 5. Then we can talk about the interval (3,5). This means all of the numbers
between 3 and 5. If we were just talking about integers, we could write the set {3,4,5}, but there are
an infinite number of real numbers betweeen 3 and 5, so they wouldn't all fit in the set brackets, so
we abbreviate with interval notation. We can use interval notation because any interval on the real
number line is almost completely characterized by its endpoints. This is expressed in interval notation
by a bracket or a parenthesis.
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Here are some examples:

(-3,5) is the set of all numbers greater than -3 and less than 5.
(-3,5] is the set of all numbers greater than -3 and less than or equal to 5
[-3,5] is the set of all numbers greater than or equal to -3 and less than or equal to 5.

We call an interval of the form (a,b) open; [a,b] closed; [a,b) or (a,b] half-open or half-closed.
Ex.1 f(x) =2x

We say that the natural domain of f is (-infinity, infinity) because f will know what to do to any number
that we could possibly think of. If we restrict the domain to (-3,5), then the range will be (-6,10)
because if we allow f to operate on any humber between -3 and 5, and we choose a number between
-6 and 10, there will be a number (namely half of the numk 2en 6 and 10) that is in (-3,5). But
the natural domain of f is really (-infinity, infinity) becaus mber that we cannot multiply
by 2.

Suppose that c is in the domain of the function f = 2x a
containing ¢ which is contained in the domain of f =2x suck
called a point of local maximum of f=2x.

erval | = ( -3, 5)
then cis

Suppose that d is in the domain of (-3,5)
containing d which is contained i then d is
called a point of local minimum of

Ex.2 f(x) = x?
The natural domain of f is (-infi 0 to any number that we
could possibly thin i ange will be (0,25) because no

We see herg ction is %, the local maximum is

In this case of the function e local minimum value is also 0.

Working rule to axima and minima

Rule to find out maxima:
A and B are the variables.
If A+ B = constant,

Then A*B = maximum
When A = B.

Rule to find out mi
A and B are the variable
If A*B = constant,

Then A + B = minimum
When A = B.

Again a, b, c are the variables
letx =aPbic".

X IS maximum

when a/p = b/q =c/r.

Example: Find the maximum volume of a right circular cone if sum of its height and radius is 9.
Solution: Let h be the height and r be the radius of the given cylinder

Given h+r=9....... which is a constant

and volume of cone is = nr’h/ 3

the volume is maximum when r/2 = h/1

we get h+2h=3h=9

h=3andr=6

Now on substituting these values in the formula will give maxima

which is = 6°* 3/ 3 = 36m.
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Ex. Solve 2x +4 < 20/3
Sol. 2x+4<20/3 ... 2x<8/3 .. x<4/3

Ex. Find the minimum value of x? - 4x + 7 for real values of x

Sol. X -4x+7=(x-2)?%+3
A perfect square is always positive i.e. it cannot be less than zero. .. the given expression is
the least when (x - 2)2 =0. .. minimum value =3

Ex. Find the value of x which satisfies x*- 3x + 2 >0 and x* - 3x- 4 <0

Sol. x*-3x+2>0 .. x-2)(x-1)>0 .. x>2,x>1orx<2,x<1
X2-3x-4<0 .. (X-4)(x+1)<0 .. x<4,x>-1 orx>4, x < -1, which is not possible
.. from (1) we have x > 2 or x < 1, From (ll) we have -1 < x< 4
. the required values are -1 <x<1&2<x<4

Ex. Find the least value of 3x + 4y if x2y3 =6
Sol. LetA=3x/2,B=4y/3
- Xy%= (4A%19)(27B%64) = 6 . AB® =32
3x+4y=2A+3B=A+A+B+B+B
Given the product the sum will be the least when the
ie. A=B..A°>=32 . A=B=2
. leastvalue of 3x+4y =2A+3B=4+6=10

Maxima and Minima by diffe

Working Rule to find the Maxi
Note that the Maxima & Minima
are the Local Maxima and Mini
is as follows :

a & Minima, but these
for the function f(x)

1. Find the derivative o
2. Solve the equati
3. Find f ”(x) ane

a;
, and further investigation is required.

df™ %0, then --
is Maximumatx=a;
[(X) is Minimum atx = a;

If f'(a

aum values of f(x) = x° - 9% + 15x + 3
3.(x-5)(x-1)

Ex. find the maximum al

Sol. We have, f'(x)=3
s f(x)=0,forx=5,0
Also, f ”(x) = 6x - 18.
~f7(5)=30-18=12>0 so, f(5) = -22.
S f(1)=6-18=-12<0 so, f(1) = 10.

.. the minimum value is at x =5 and the maximum value isat x = 1.

Some Important Results:

(1) For all rectangle of given area, the square has the smallest perimeter.

(2)  The rectangle with maximum area that can be inscribed in a circle is square.

(3) An open cylinder of given surface area will have greatest volume when its height is equal to
radius of its base.

(4)  Aright circular cone of given volume will have least surface when its height is equal to \2
times the radius of its base.

(5) Thf least perimeter of an isosceles triangle in which a circle of radius r can be inscribed is
6rv3.

(6)  The cone of maximum volume and of given slant height has semi-vertical angle of tan™v2.

(7) A right circular cone of given total surface area will have maximum volume when the semi-
vertical angle is sin V2.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

EXERCISE 4

For what values of xis 4x-5>x+7 ?

If x is positive what is the greatest value of (5 - X)(x + 3) ?

Between what values of x is the expression 19x - 2x°- 35 positive ?
Find the values of x which satisfy 2(x* - 1) > 3x

Find all values of x which satisfy x> + 6x - 27 >0 and 4 + 3x - X* >0

Solve the inequality 2x* + 9x - 35 > 0.

Solve the inequality 3x? - 20x + 17 < 0.
For all x > 0, prove that x + 1/x > 2.
Solve the inequality | x/2 | < 2.
Find the minimum value of x + 1/

Find the maximum volume o and the height is 6

minimum.

of the sequence V6, V(6 + V6), V[6 +\(6 + \6)], ---, as n tends to

infinity.
Which of the fol ers is greater?
a. {(1728)° (39 2) + (532)?(1728)} and 3(1728) (392) (532).

b.  (10*+15*+27 4 x 10 X 15 X 27 x 53).
c.  (1Xx2x3x----x20) %,

d.  1000"® and 1001*;

What is the maximum value of (7 — x)° (7 +x)*?

X, Y and Z are distinct integers such that X<Y<zZ and X* + Y? + Z? = K. What is the smallest
value of K that determines X, Y and Z uniquely?

Lety =min {(x + 6), (4 — X)}. If X € R, what is the maximum value of y?
What is the value of x if x < 383, (x +y) > 326 and (x —y) > 436?. Where X is an integer.
Find the maximum value of x%y? if x + y = 25.

Find the minimum value of 3x + 4y if xy = 12.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

The production cost per unit varies with the number of units per hour X, in the following
manner:

Cost per unit = x + (100/x). Z is the profit per unit and Y is the number of units produced which
is related as 4Z + 5Y = 120 — 3 Cost per unit. Find the maximum possible profit.

A piece of wire of length 50 cm is cut into two pieces. One piece is bent into a circular ring and
the other into an equilateral triangle. What is the side of the equilateral triangle so that the
combined area of the two is minimum?

The perimeter of the sector of a circle is 40 cm. What is the maximum area of the sector, which
subtends 6 radians at the center?

Four walls in rhombus shape enclose a scrap depot. Sum of its diagonals is 40 ft. Find its
maximum area?

For a trapezium, the sum of parallel sides and t
double of the other. Find the maximum area?

one of the parallel side is

The minimum value of the function f(x) = 2vVx + 1/x
The minimum value of the function
The perimeter of triangle is 2
A magazine company in

subscriber. As the numbe
by a rupee. Find what nu

rofit of Rs. 400 per
ubscriber increases

Find the maxi

osx (b) f(x) = sinx cosx
2 maximum volume of given surface area when height is equal to

ght circular cylinder of greatest curved surface area which can be

inscribed in a give lf of that of the cone.

g the curve y = X%+ 2. A soldier is placed at the point (3,2).
een the soldier and the plane?

A plane of an enemy i
What is the nearest dista

Find the maximum and minimum value of the function f(x) = sin*x + cos’x
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1.x>4

5.3<x<4

9.-4<x<4.

2.16

6.x>5/2, x<-7

10. 2

13. When the rectangle is a square

16.-15<x< 16
20.2

24. 24

28. 200ft*

32. 1247 cm?
36.1/2

40.1 and 1/2
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17.3
21.5
25.45
29. 450
33.500

37.Heig

36

ANSWERS

3.25<x<7 4. x>2 or x<-1/2
7.1<x<17/3

11. 32n 12.6 and 6
14.6 15. -9

18. 1%, 1% 1%,1000%°%, 19. 7°x 2*"x 5°/ 3.

22.382 23. 337500

\3) 27.100

30.



Concepts 5

Logarithms

EX.

Sol.

Before getting started with logarithms, it is absolutely essential to have a fair idea about the
basic laws of indices, which are as follows:

aMxgh=agM+n anbn = (ab)n
a"/a" = amn a'/b" = (a/b)n
@mn =amn an =1/a" = (1/a)"
Ja =a(l/2) = a(l/n)

al =a

We know that 8 = 23 and 16 = 24. If we call 2 the ba
3 to obtain 8 and to power 4 to obtain 16. A logarithm
3 =1log,8 4 =log,16
The logarithm of any number to gi i i v ust be
raised in order to equal the gi i = : of N to
base a. Mathematically,
aX=N
Two common bases that
1. e~ 2718 Natura
2. 10 logs to
When base e is used, an a
For base 10 is ofte

e base t.0 power

X means log

B) = logpA - loghB
A logpA = [logmAl/llogmn]
e x, (x> 0) is zero. logy1=0;Asx’= 1.

ame base is one. logyn =1;Asn'=n

> > >

log of zero or a ber to any base is not defined.

Find logarithm of 125 to base 5V5.
Let x be the logarithm.
Then, (5V5)X =125
=25x5
= 5°x (\5)°
= (575)2
LX=2
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EX.

Sol.

EX.

Sol.

Ex.

Sol.

3X 12X 3-2x
b =c

Find x from the equation: a
Taking logarithms on both the sides,
3x x (log a) - 2x x (log b) = (3 - 2x) x (log ¢)
3x x (log a) - 2x x (log b) =3 x (log c) - 2x x (log c)
3x x (log a) - 2x x (log b) + 2x x (log c¢) = 3(log ¢)
x(3loga+2logc-2loghb)=3logc

3logc

X=3Ioga — 2logb+2logc

Express the following as a log of single number.
2logx-4logy+0.5logz

2log x-4logy +0.5log z = log X2 - log y# + log

= log (x2/y#) + lo
= log x2 vz Iy4

Solve (x* - 2% + yHM-1 = (x - y)*™ (x + y)?

Taking logs,
(m-1) log (x* - 2x°y* +

- (m-1)log (x2 -y2

~.2(m - 1)log (x2 -y
~.(m-1)log (x2 -y
s(m-1)log [(x +Yy)
(m-1)log (x +y) +

m log - log(x
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

EXERCISE 5

Find logarithm of 32 to base V2

Express the following in terms of log of a single expression.
3/2logx-5logy-2logz

Solve the following equation for x. (aX*1)/(b*-1) = ¢2X
Find (a) logazs (1/5) (b) loge27
Solve. logg (X*-3x +12) =2

Express as a logarithm of a, b and c. log [ (64 a%)/(b’>

Find x if aX = ¢ bX
If log 2 = 0.30103 and log 3 = 0.47712, find log V(36

If log 2 and log 3 are known (Refer to problem 8). Find ] alue of
x from the equation: 6> x 4™ =

Using the values givenin q
(1/2)log (29 +12+5)

If 2x% + 2y? = 16xy, find th

If log y, find an expression containing x and y only.
If log x® + log 63 og a, find the value of x.
If log ( x* + yb ) =alog express x as a function of y.
65x—12 45-2x =2 32x-3
Evaluate loge( 2166 ).
Evaluate logsl6, if 10g;,27 = a.
Evaluate (logan ) / (logaphn )

Simplify 7log16/15 + 5log25/24 + 310g81/80 .

If a® + b® = 7ab, prove that log [ (a + b) / 3] = 1/2 [ loga + logb ].
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ANSWERS

1.10. 2. log [(Vx)*I(y°Z2)]. 3. (log ab) / log (bc?/a). 4. (a)-1/3 (b) 3/2.
5. (-1, 4). 6.2log8+2loga+5Ilogb-3logec.
7.log c/(log a - log b). 8. 0.06247. 9.1.77.
10. - 0.09691. 11.V 5/2. 12. log ( 6xy )2
1 2¥30 a72h 14. 3/4 or 4/3. 15.\/E

5 ' 5 10

16. X +y® = x3y2. 17. log (p/g®)/log (p/q). 18.3

b
19. . —Y 20. 3. 7/2.
1—yP°
22.4(3 - a)/(3 + a). 23.1+|

25. 2 log [(1/3)(a+b)] = loga + logb
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Concepts 6

Set Theory

A set is a well-defined collection of objects. Sets are usually denoted by A, B, C, ----. The objects in
the set are called ‘elements’ of the set. If x is an element of the set A, we say, x € A (x belongs to
A).Sets are usually defined in two forms - the tabular form and the rule method.

Tabular form: In the tabular form, all elements of the set are enumerated or listed. E.g. The set of
natural numbers: N ={1, 2, 3, 4, - -}, the set of integers: I ={- -, -3,-2,-1,0, 1, 2, 3, - -}.

Rule method: Under this method, the defining property of
the set have a property P, then we can define the
{X: x is a natral number}, | = {y: y is an integer}.

et is specified. If all the elements in
: X has the property P}. E.g. N =

TYPES OF SETS:

Finite sets: A set with a finite number of elements is called a f
Empty set: A set which contains no set is
denoted as { } or ¢.

Infinite set: A set that is neither lite set. Such a set will
contain infinitely many elements

Disjoint sets: Two sets are said t ( on elements. E.g. If A
={x:xisanevennu

Overlapping

Overlapping _sets: If t
overlapping. E.g. A = { 1,

d B have some common elements, the sets are said to be
d B ={3, 4,5, 6, 7}. These sets are overlapping sets as the
elements 3,4 and 5 are co th sets. The elements common to both sets is called the
intersection of the two sets an oted as A n B. On the other hand, the addition of two sets is
called the union of two sets and is denoted by A U B.

Equal sets: Two sets are said to be equal if they contain the same elements. E.g. A ={2, 4, 6, 8} and
B = {x: x is an even number between 1 and 9} are equal sets as they contain the same elements.

Universal set: A universal set is the set that contains the elements of all the sets under consideration.
Itis usually denoted by U, Sor Q. E.g. A={4,7,8,9},B={-4,-2,0, 1, 4, 7, 10}. The set of integers, |
={-,-2,-1,0,1, 2, --} will be the universal set for A and B.

Complement set: Given a set A, the complement set is the set that contains elements not belonging
to A and is denoted by A’. The union of the given set and its complement will give the universal set.
le. O = AU A eg. A={x xis a Mathematics book in the CF library}. Then, A’ = {y: y is not a
Mathematics book in the CF library} and the universal set in this case will be U = the set of all books
in the CF library.
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Basic operations on sets:

1. Intersection of two sets: The intersection of two sets is the set of elements common to both the
given sets. The intersection of two sets A and B is denoted as A n B. In notation form, we can
define the intersection of two sets AandBasAnB={x: x e A, x € B}.

If, An B = ¢, then A and B are disjoint sets. If A~ B = ¢, then A and B are overlapping sets.

2. Union of two sets: The union of two sets is the set g
also the elements belonging to B. The union of thes
can define the union of two setsas AuUB={x:x e A

e elements belonging to A and
A U B. In notation form, we

3. Difference of two sets: The difference of two sets A and
but do not belong to B. The difference of two sets is de
define the difference of two sets as_A

belong to A

VENN DIAGRAMS: A Venn diagra ) all points within the

In the abo
regions in t

present three sets A, B and C. The eight

REGION I: s in set A only - n(A).
REGION lII: nts common to the sets A and B only - n(A N B).
REGION Il in set B only - n(B).
REGION 1V: mon to the sets A and C only - n(A n C).

REGION V: Contains el mon to the sets A, Band C - n(A n B n C).
REGION VI:  Contains eleme mon to the sets B and C only - n(B n C).
REGION VII:  Contains elemen set C only - n(C).

REGION VIII: Contains elements not belonging to either of the sets A, B and C - n(A u B U C).

Similarly, we can also draw a Venn diagram to represent two sets A and B as follows:
Q

If n(A U B U C) is the number of elements in Q.
n(A v B) =n(A) + n(B) - n(A n B).
NAuBUC)=n(A)+nB)+n(C)-nANB)-n(ANC)-nBNC)+n(AnBNC).
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Examples

EX.

Sol.

EX.

Sol.

EX.

Soln.

EX.

Soln.

EX.

Soln.

If Q is the universal set, find the following. (a) A U Q. (b) AU A. (c)Aud¢. (dAUB,IfBc
A.
@AUVQ=Q.L)AUA=Q. (c)Aud=A. (dAUB=A

IfA={1,2,3,4}, B={2,4,68}, C={345,6,8tand Q ={1,2,3,...... ,10}, verify that:
(a)(AmB)—(AuB) (b)(AuBuC)—(AmBmC)

(8) We have A n B = {24}. LHS. = (A n B) = {1,3,5,6,7,8,9,10}. Now we have A’ =
{5,6,7,8,9,10} and B’ = {1,3,5,7,9,10}. Therefore R.H.S. = A’ U B’ = {1,3,5,6,7,8,9,10}.

(b) AuBuUC={1234,5,6,8}. Therefore L.H.S. =
{5,6,7,8,9,10}, B'={1,3,5,7,9,10}, C' = {1,2,7,9,10

B u C)y ={7,9,10}. We have A’ =
=A nB nC ={7,910}.

In a survey of 100 people, it was found that 60 p f India, 55 read the
Indian Express and 10 read neither of the two n ople read both
newspapers?

Of the 60 people reading the Ti
reading the Indian Express, s
both newspapers. The infor
be represented in the form

A: Number of people readi
reading the Indian expres
newspapers, Q: Total nu

neither sic, find the number of students who like both kinds of music.

P: students music, C: students who like
classical music.
(28 = x) + x + (20 —

In a class of 64 studen 0% of the students have taken
Sociology and 75% of the students have taken Politics. How | 10
many students have taken both the subjects?

We have n(S) = 64 x 50/100 = 32, n(P) = 64 x 75/100 = 48. Now n(S U P) =n(S) + n(P) - n(S N
P) =64 =32+ 48 -n(S n P). Therefore, n(S N P) =80 - 64 = 16.
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1.

Exercises 6

In the Venn diagram find the value of A (B L C).

had watched on a
amme B. If each
e number of

particular holiday. 100 had watched programme A,
student in the class had watched at least one progra
students who had watched both the programmes.

Students in the Delhi Public pall and

Hockey. The following table g ome or all'the games
in the school.
Game Cricket All three
games
6

dents who play football.
dents who play cricket only.

(d) Which newspaper is the most popular?
(e) Which is the least popular?

Of the 400 members of a sport club, 144 play Squash (S), 135 play Badminton (B), 156 play
Table Tennis (T) . Each member plays at least one game. The members who play badminton
and table tennis both must play squash also. For every three members who play at least two
games, there are two members who play all the three games. Find the number of members:

(a) who play all the three games.

(b) who play only Squash.

The following are the statistics of 22 students of Career Forum who appeared for CAT. 15
students got calls from the IIMA, 12 students got calls from the IIMB and 8 students got calls
from the IIMC. 6 students got calls from the IIMA and the IIMB, 7 students got calls from the
IIMB and the IIMC and 4 students got calls from the IIMA and the IIMC. If 4 students got calls
from all three 1IMs, find how many students of Career Forum got:
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10.

(a) a call from IIMA only.

(b) a call from [IMC only.

(c) a call from IIMB only.

(d) calls from exactly two lIMs.
(e) calls from more than one IIM.

A study of 104 students, who speak Marathi or English or Hindi, reveals 38 do not speak
Marathi, 30 do not speak English and 40 do not speak Hindi. 40 speak Hindi and Marathi, 50
speak Hindi and English, 44 speak Marathi and English.

(a) How many speak all three languages?

(b) How many speak Hindi but neither Marathi nor English?

(c) How many speak exactly two languages?

A survey of 3000 households, T.V. set, washing m
house had at least one of these appliances. 12
machines and 1626 had no T.V. sets. If 882 had b
both a washing machine and refrigerator. 360 had b
(a) How many had only a washing machine?

(b) How many had only a refrigerator?
(c) How many had more than one appli

frigerators were counted. Each
tor, 1140 had no washing
and T.V. set, 831 had

In order to study the breakfa
was conducted. Of these 4
was also found that 212 f;
egg and cereal and 84 ha
(a) neither toast nor cereal
(b) egg or toast but not cer

ey 0 families
nd 300 had toast. It
| and toast. If 128 had

The followi d by a manufacturing unit. It is
known t ma of the same discipline or any

other discip

11.

12.

13.

Computers Both Total
Deg. | Dip. | Deg. | Dip. | Deg. | Dip.
28 22 7 3 100 50
35 47 15 10 52 155
8 0 3 0 78 75

Among the engineers with 0 — 2 years of experience, what is the percentage of employees with
qualifications in Computers but not in Mechanical?

What is the number of employees who have neither a Mechanical nor a Computer
background?

The organisation announces a bonus scheme for degree holders who have worked for more
than 5 years as follow: An employee with only a Mechanical degree gets Rs. 9000. An
employee with only a degree in Computers gets Rs.11000. An employee with degrees in both,
Mechanical and Computers, gets Rs.20000. Degree holders with neither a Mechanical nor a
Computers background get Rs. 6000 each. What is the additional financial burden the
company has to incur on account of the bonus scheme?
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14. Which category of experience has employees with qualifications in either Mechanical only,
Computers only or both?

15. Among Diploma holders with upto 5 years experience, what is the ratio of employees with a
Mechanical background only to those with a Computers background only?

DIRECTIONS: Questions 16 - 20 are based on the following data.

A multi - national consultancy employs people with post - graduate degrees in PMIR and Social
Studies in three departments, Administration, Human Resource Development and Consultancy. The
following information about the employees has been made available.

Age | Administration HRD Both Total
(vears) | pmir | ss |PMIR| ss ss |PMIR| ss
20-25| 270 | 220 | 250 | 180 450 | 300
25-35 | 300 250 240 170 7 0 350

> 35 220 120 180 100

16. et in HRD
17. i [ orms what

18. 20% of the employees in p in their respective
sections. The number of d in HRD but not in
Administration forms wha es in HRD but not in
Administration?

19. i the age group > 35 years forms

20. mployees common to Administration

ANSWERS

1. 8. 3. 20. 4. 10.61, 45.45, 21.21.
5. 125, 55, 175, Times of India 6. 14,123. 7. 9,1,3,5,9.

8. 34,8, 32. 9. 186,648,1995.  10. 16, 228, 192. 11. 26.66%.

12. 36. 13. Rs. 7,27,000. 14. (2 - 5). 15. 129:56.

16. 37.77%. 17. 8.44%. 18. 68.08%. 19. 34.66%.

20. 53%.
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Concepts 7
Base Notations

In any number normally used, the value of a digit depends upon the position the digit occupies.
e.g. in a number like 2354, ‘2" means two thousand, 3 means three hundred, 5 means five
tens (or fifty), 4 means four units. This is known as the principle of place value.

The Hindu-Arabic system of numbers i.e. the system of numbers we are so familiar with is the
denary or decimal system. One system can be distinguished from the other by the number of
symbols used, and this is called the base of the system.

The base of the decimal system is ten, binary system is 2, ternary system is 3, quinary
system is 5, octal system is 8. The number denoting the base of the system is called the

radix.
Name Base | Symbols used Place value
Binary 2 0,1 ...2%-2%-2%-2-unit
Ternary 3 0,1,2 *-33.3%.3-unit
Quinary 5 0,1,2,3,4
Octal 8 0,1,2,3,4,5,6,7
Denary/Decimal | 10 0,1,2,3,4,5
Hexadecimal 16 0,1,2,3,

A suffix at the foot of the n

e.g. (47)g Octal system
(234),¢ denary system

hirty four
81 +4x8°=(28)9

3x10+1

(3456)5 =3x 8%+ 4 x 8 6 x 8% = (1838),

From binary to denary

(1101),=1x2°+1x22+0x 2 2°=8+4+1=(13)y

(10001),=1x2*+0x2*+0x2°+0x2°+0x2' +1x2%°=(17)10

From decimal to binary

The number whose binary equivalent is to found is divided by 2 and the remainder is
written on the right-hand side. Each successive quotient is similarly treated, till it
is reduced to 0. The binary equivalent is then the number formed by the
remainders as read from top to bottom. .. (13 ),0=(1101),

* N.B.* : same method is used in case of different system, each time using the radix as
divisor

B lov oo I lo
PORPR

N
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10.

EXERCISE 7

Convert from decimal to binary: a) 27 b) 35 c) 69
Convert from decimal to hexadecimal :a) 197 b) 956 ¢) 577
Convert to decimal from binary : a) 1001101 b) 11110 c) 110001
Convert from hexadecimal to decimal : a) 9C b) F6 c) 1A3C

If in a number system, 40132 corresponds to 2542 in decimal, find the base of the number
system.

In a certain number system, 13 x 13 is written as 7 is written as 81. What is 2174

written as?
If in a certain number system, 35 is written as 55 ,
What is (110100101), in the number system with base
What is the binary 11001101 equi

In a certain number system i . adecimal FE3 - 7AA
written as?

c) 6716
7.143.

10. 555.
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Concepts 8

Progression

Arithmetical Progression: If quantities increase or decrease by common difference, then they are
said to be in arithmetical progression (AP).
e.g. 3,5/7,9, 11, 13, 15,...
4,8,12, 16, 20, 24, ...

The general form of an AP is therefore:
a a+d a+2d a+3d . . . a+(n-21d
1St term

Thus, the nth term of an AP is givenby T,=a+(n-1)

The sum of first n terms of an AP is usually denoted by S

S, = Nn/2 [2a + (n-1)d] where, a is the first term of the
=(n/2) (a+1), Where | is the last term.

Ex. Find the sum of the series 5/2

Sol. d=15
Sy =[21/2] x [2 x (5/2) +
= [21/2] x [5 + 30]
= 735/2
= 367.50

Ex. Find the 74

Sol. a= 74

he middle one is said to be the arithmetic mean of the other two.
d if A is the arithmetic mean then,

When three quantities
If a and b are two quanti

If a and b are two given quantitie A.P., and if n arithmetic means are to be inserted between a and
b

the ‘m’ th arithmetic mean is givenby a+{m (b -a)/(n+1)}

Ex. Find the total earning over 6 years for a person whose salary is Rs. 30,000 p.a. and increases
by 1500 p.a., every six months.

Sol. For each six months he earns half his annual salary.
.-.a= 30000/2 = 15000
To find the sum of 12 terms
d =750
S12 =12/2 [2 x (15000) + 11 x 750] = 6[30,000 + 8250]
= Rs. 229500
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Geometric Progression: If quantities increase or decrease by constant factor then they are said to

Ex

Sol.

EX.

Sol.

EX.

Sol.

EX.

Sol.

be in geometric progression (GP).

e.g. 4,8, 16, 32, 64, 128, ...

2,1,05,0.25, .125, ...

Thus, the principal characteristic of GP is the common ratio (constant factor). The general
form of GP is therefore:

a ar ar2 . arn-1
1St term nth term
The nth term of GP = Tp=ar-1 Where, r is the common ratio

Sh=a(@-rM/1-r)

The sum of the first n terms of a geometric progressi d is given by

Find the sum of first 6 terms of the series: 3,9, 2
n==6 r=27/9 =3;

Sp = 3(1-3%/(1 - 3) =1092

For an infinite series, S,, > + ®
andS, =a/(1-r)

Find sum of the infinite se

r=0.5 Since,
S =1/(1-0.5)

GP, the middle one is said to be the geometric mean of the other
two If, a, b are tw in GP and G is their geometric mean then,

If a and b are two quant G. P., and if n geometric means are to be inserted between
them, the m" mean is given by a (b/a) ™' ™
Find geometric mean between the terms 4 and 25

The geometric mean G = (4x25)"? = 100" = 10
Thus, 4, 10 and 25 are in GP.

Harmonic Progression (H. P.)

Definition : A series of quantities is said to be in harmonic progression when their reciprocals are in
arithmetic progression.

eg.1/3,1/5,1/7, ... and l/a,1/(a+d),1/(a+2d), ... are in HP as their reciprocals
3,5, 7...,anda,a+d,a+2d..... are in AP.

Pankaj Gandhi’s Academy/Algebra 50



nth term of HP.
Find the nth term of the corresponding AP and then take its reciprocal.
Ifthe HP beas l/a,1l/(a+d),1l/(a+2d)...
then the corresponding AP isa,a+d,a+2d, .....
T,ofthe APisa+(n-1)d

.'. Tn of the HP is DRI | 1/ [ a + (n_l) d]. |

In order to solve a question on HP, one should form the corresponding AP.
Harmonic Mean:

The harmonic mean between two quantities a and ill be H if a, H, b be in harmonic

progression and H is given by

H=2ab/(a+bh

A COMPARISON BETWEEN AP and GP

Description

Principal Characteristic
nth Term

Mean

Sum of First n Terms
‘m’ th mean
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

EXERCISE 8
The sum of n terms of the series 2, 5, 8, ... is 950 find n
Find the sum of the first 9 terms of the series 3/4, 2/3, 7/12...
Find the sum of the first 15 terms of the series whose n" term is (4n+1).
Find the sum of the first n natural numbers.
Sum of three numbers in an AP is 27, and their product is 504. Find the numbers.

How many terms of the series 9, 12, 15,.... must be taken so that they add up to 306.

What is the sum of the first 7 terms of the series 1
Sum of 3 numbers in GP is 38 and their product is
Sum of a GP whose common ratio is 3 is 728. The las

In a GP first term is 7 and n™ te
ratio.

Find the three numbers in
If 18, a, b, ¢, 46 form an a

In an AP the first term is i s 155. Find the common
difference.

debt of Rs. 3600 by 40 annual installments which form an A.P.

S repaid he dies leaving a third of the debt unpaid. What is the
?

The sum of thre

A.P. is 24. If the numbers be decreased by 2, 4, 4 respectively,
they forma G. P. F ~

pers.

An A.P. has 23 terms, S
264. What is the 16" term

2 middle three terms is 144, the sum of the last three terms is
In a set of four numbers first three are in G. P. and the last three are in A.P. with a difference
of 6. If the first and the fourth numbers are the same, find them.

Find a, b, ¢ between 2 & 18 such that (i) their sum is 25, (ii) 2, a, b are consecutive terms of an
A.P. and (iii) b, c, 18 are the consecutive terms of a G. P.

Two sets of numbers each consist of 3 numbers in AP. The common difference of the first set
is greater by 1 than that of the second set. If the sum of each set is 15, and the ratio of
products of the two sets is 7 : 8, find the numbers.

If the sum of an AP is the same for p terms as for q terms, find the sum for (p + q ) terms.

First and third term of an A.P. {A ;} are A; =a, A; = b, and a; = a and ag = b respectively be the
first and fifth terms of another A.P. {a ; }. Find the ratio of A,+; and agns; -
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24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Sum of three numbers in GP is 70. If the two extreme terms are multiplied by 4, and the middle
term by 5, the resultants are in AP. Find the numbers.

Find the first term of the infinite GP whose first two terms add up to 5, and whose each term is
three times the sum of all terms that follow it.

If a, b and c are in AP, prove that
(a-c)>=4(b*-ac).

Find the sum of n terms of the series
loga + log(a?/b) +log (a*/b%) +log (a*/b®) + ..........

Evaluate .7 + .77 + . 777 + ..... , in terms of a rational number.

fx=1+a+a’+a+... to oo
y=1+b+b*+b%+ ... to oo
Thenfind 1 +ab+a%0®+a%0° + ..., to oo

How many terms of the series 1, 4, 16, ....., sum up to

If the (n+1)th term of a harmonic pr e first

term to (n+1)th term.

If the sum of the reciprocal ssion is 70, find the 4™

term of the HP.
If the m™ term of a H.P. is +n)" term?

Prove that the first.term of the series,1/n, 1/(n+m), 1/(n+2m),...... (m+1) times the (n+1)th
term.

If (x"* % the value of n?

1. 25 3. 495 4. n(n+1)/2 5. 4,9, 14

6. 12 8. 8,12,18 9.2 10. 2

11. 4,6,9 13.3 14.5 15. 285
16.51 0,8,6 18. 64 19.8,-4,2,8
20.5,8,12 21.21,5,/-11and 22,5,-120r 3,5,7and 4,5, 6 22.0

23.1 24. 10, 20, 40 25.4 27.n/2 [ nlog(a/b) + logab ]
28.(7n/9) - (7/81)[ 1 - 1/10"]. 29. xy / (x+y-1)  30.5. 31.2
32.1/10 33. mn/(m +n) 35.-1
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Concepts 9

Series

We have gone through topics like arithmetic, geometric and harmonic progressions where we
have generalized the terms and they always follow particular formula. But in case of series
the terms or elements follow a definite law or they have definite relationship but it cannot be
generalized, i.e reasoning has to be there while solving it which means you have to know
what is the definite relationship which make the set of given terms series.

For e.g series 2, 6,12, 20, 30, ?
When we see the terms and the relationship that comes out is n.( n + 1), so the next term is
42

Different type of series

1. Difference or sum type of series
e.g. 1,4, 10, 19, 31, ? as we see the difference b
increasing as multiple of 3. The answeris 31 +1
e.g. 1, 3, 6, 10, 15, 21, here also the difference be
increasing but you can observe it increases with diffe
series usually comes under mat ical reasoning.

ive terms go on

2. Cumulative series
eg.1,3,4,7,11,18...h VO previous terms.

3. Power series
e.g. 0, 6, 24, 60, 120 her

Here the terms are define

een them must exists then only we
ich is missing.
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Exercise 9

Directions: Find the next term in the series given.
1. 0, 2, 12, 36, 80,

2. 1,3,7,13,21,31,7

3. 3,7,15, 31, 63,.

4, 19, 119, 1119, 11119,

5. 7,19, 37,61, 91

6. 1,3,7,13,21,31
7. 1, 4, 27, 256, 3125,
8. 11, 13, 17, 23, 29,
9. 11, 21, 720!

10. 1,6, 15,20, 15,6,

9. ((@HhHN! 10. 1
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Concepts 10

Permutations And Combinations

Tossing a coin, placing a ball in a box, rolling a dice selecting a person from a crowd are all
physical processes that have a number of possible outcomes. A ball can be placed in a box in
one way, the two possible outcomes of tossing a coin are "heads" and "tails", rolling a dice has
six possible outcomes 1, 2, 3, 4, 5 and 6, selecting a committee of four from several hundred
people has many outcomes. When considering such physical processes, it is best to follow
the following rules.

Factorial Notation : The product of first n natural numbe
factorial" or "factorial n". By definition O! =

denoted by n! and is read as "n

Fundamental Theorems of Counting :

1. Fundamental Principle of Addition : If one thing can be and a second
thing can be done in n different ways independent of t be done
in (m + n) different ways.

2. Fundamental Principle of Mu i different ways and a
second thing can be done j i en both the things can
be done together in (m x
Ex. From a pack of 52 cards fi gueen can be drawn
(b) Both a king and a quee

drawn in 4 different ways. By
drawn in 4 + 4 = 8 ways. By
n be drawn in 4x4= 16 ways

ne in mq, moy,...,my different ways respectively, independent of

b. All of them can he same order in mq x my X ...x my, different ways.
Permutation :
Permutation of n objects
the given n objects. It is de

at a time is an arrangement in a straight line of r objects from
2d by P, or 1P, or P(n, ).

Combination :
Combination of n objects taken r at a time is the selection of r objects from the given n objects.
It is denoted by "C, or ,C, or C(n, r).

Results :

1. P =n(n-1)..(n-r+1)=nY(n-r)

2. The number of permutations of n objects taken all at a time is "Pp, = n!/0! = n!

3. The number of permutations of n objects taken all at a time when p of them are all alike of one
kind, g of them are alike of a second kind and r of them are alike of a third kind is n!/p!q!r!

Ex. How many words can be made with the letters of the word MATHEMATICS ? In how many of
them do the vowels occur together?
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Sol.

Ex..

Sol.

10.

11.

EX..

Sol

12.

EX..

Total letters = 11, M, A, T occur twice

Total arrangements = 111/(212!21) = 4989600

Treat the four vowels A, A, E, | as one unit. This with remaining 7 letters of which two are
repeated can be arranged in 8!/2!2! ways. Four vowels can be arranged among themselves in
41/2! ways

.. Total number of ways = (8!/2!12!) (41/2!) = 120960

Number of permutations of n objects taken all at a time in a circle is (n - 1)!
Twenty persons were invited to a party. In how many ways can they and the host be seated at

a circular table ? In how many of these ways will two particular persons be seated on either
side of the host.

There are 20 + 1 = 21 persons to be seated at t
remaining 20 can be seated in 20! ways.
Two particular persons can be sit on either side
arrange themselves in 18! ways.

.. Required number of ways = 2! x 18!

ixing the seat of one person the

s. Remaining 18 can

Number of combinations of n objec
NCh.r="C

Nc.=n i
If Cp="Cq then either p

Pn="Pn.1

tions of n objects taken r at a time
s in any permutation is given by n'. As
Second object can be selected in n ways, and rth

amental Principle (Multiplication):
. Total Numb nxnx..rtimes=n'"
Ten different lette
letters. Find the numb

Words with five letters are to be formed from these given
hich have at least one letter repeated.

When there is no repetitio etters,
total number of words with 5 letters = 10P5
=30240
When any letter is repeated any number of times, total number of words = 10°
.. Required number of words = 100000 - 30240
= 69760

Restricted Permutation :Permutation of n objects taken r at a time in which k particular
objects are :

never included is (N - K)p,

always included is (" - K)c,_ | xr!

A photograph of 4 players is to be taken from 11 players of a cricket team. How many different

photographs can be taken if in each photograph captain & vice captain (a) must be included
(b) are never included
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Sol.

a.

b.

Two players can be chosen in 9C2 ways.

Total number of photographs = 9C2 X 4!
= 864.

9p, = 3024

13. Division into groups : (m + n) objects can be divided into two groups containing m & n objects

14.

EX.

Sol

15.

EX.

Sol.

EX.

Sol.

16.

EX.

Sol

respectively in (m + n)!/m! n! different ways. If m = n, then they can be divided equally in :

Two groups in (2m)!/2Im!m! ways
Two persons in (2m)!/m! m! ways

(a + b + c) objects can be divided into three groups of
(a+b+c)l/[alblc!] ways.

If a = b = c then they can be equally divided in (a
(b) 3 persons in (3a)!/alala! ways.

lalalal ways

In how many ways can the face cards be equally divid 3. tWC P, persons.

Total face cards are 12, can be divi
They can be divided in two per
person).

to any

Combination of n differe e i.e. the number of

selections of some or all

Or, it is the number of w i ; ected out of n distinct
objects.

A person one or more of them to attend a

1 =127 ways

alls, four different blue balls and three different red balls, how many
be chosen taking at least one green and one blue ball ?

shosen from five green balls in 29-1=31 ways

en from four blue balls in 24 -1 =15 ways

: chosen in 23 =8 ways

ental principle, required number of ways = 31 x 15 x 8 = 3720

At least one green b
At least one blue ball'c

At least one or no red ba
.. By generalization of fund

Combination of objects not all different : Total number of combinations of (p + q + r) objects
where p are of one kind, q are of a second kind, r are of a third kind, taken any number of them
atatimeis[(p +1)(q+ 1)(r+ 1) - 1]

and if p are alike of a kind, q are alike of second kind and r are different is [(p + 1)(q + 1)2" - 1]

From 3 pears, 4 oranges and 5 apples, how many selections of fruits can be made by taking (i)
at least one of them (ii) at least one of each kind

(i) Out of 3 pears, we may take either O or 1 or 2 or 3. Thus pears can be chosen in 4 different
ways. Similarly, oranges in 5 and apples in 6 ways.

Number of ways of selection of fruits =4 x 5 x 6 = 120. But this also includes the case when no
fruit is taken. Rejecting this case, the required number of ways = 120 - 1 =119
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(i) At least one pear is to be chosen, we may take either 1, 2, or 3 pears. Thus pears can be
chosen in 3 different ways.
Oranges can be chosen in 4 different ways
Apples can be chosen in 5 different ways
.. Total number of ways =3 x4 x5 =60

Ex. Six crosses have to be placed in the squares of the following figure
such that each row contains at least one cross. In how many ways
can this be done ?

Sol. Total number of ways of filling any six squares of the given nine
.9 _ " .
squares is "Cq = 84. If we chose first two rows six
filled in °Cs = 1 ways. If we chose the last two rows
filled in 7 squares in 'Cg = 7 ways.
.. Number of ways which are not favorable = 1 +
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

EXERCISE 10

Four persons enter a railway compartment in which there are six seats; in how many ways can
they take their places ?

How many four digit numbers can be formed out of the digits 2, 3, 4, 5, 6, 7, if no digit is
repeated in any number ? How many such numbers will be greater than 4000 ?

Five boys and four girls are to be seated on 9 adjacent seats in a cinema hall. It is desired
that no two girls sit together. Find the number of ways in which they can be arranged.

There are 6 students of which 3 belong to the first year class, 2 belong to the second year
class and one is in the third year. In how many w can they stand in a line so that the
students from the same class are together ?

In how many ways can 5 persons sit on 8 chairs i
It NCg + NC,4 = 3/5 7Cy, find NC,.
If nC]_z = an find nC]_7, 22Cn

From 12 books in how many i ied book
is always included (b) whe

Out of 14 men, in how ma
In how many ways can aptain from amongst
themselves ?
(a) rep n of digits is allowed.

e teacher teaches only one class at a
aclass ?

oers can be allotted with 6 digits from the natural numbers 1 to 9

s on it out of which 4 are collinear. How many distinct straight
can be drawn through
In how many ways can oneor more cards be selected from a bunch of 5 different cards ?

How many selections of coins can be made if at least one coin of each type is selected from
five 1 rupee, four 50 paise and three 25 paise coins ?

How many seven digit numbers can be formed with the digits 1, 2, 3, 4, 3, 2, 1, so that the odd
digits occupy odd places ?

Find rif *°pP,,,: *'P,=30: 11

In how many ways can a mixed doubles tennis match be arranged form 8 married couples if no
husband and wife play in the same game ?

At an election a voter may vote for any number of candidates not greater than the number to
be chosen. There are 7 candidates and 4 members to be chosen. In how many ways can a
person vote?
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21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Four-letter words are formed using 17 consonants and 5 vowels. How many will have 2
different vowels in the middle and a consonant at each end ?

Two out of six papers set for an examination are in mathematics. What are the number of ways
in which the papers can be set so that the two mathematics papers are not together ?

Findnif*'C;:"C, :: 44:3

In how many ways can 45 men be allotted to 3 different districts if the districts are to be
covered by 10, 15, and 20 men respectively.

Find rif 2C,, : %*Cy.4 = 225 : 11

In how many ways can n things be given to p pe there is no restriction on the

number of things each may receive ?
In a letter lock, each of three rings is marked with 1 paximum number of
unsuccessful attempts that one has to make before t

A certain code consists of 5 varia
possible. What is the total nu
from each variable. ?

In a party of 15, each per
of handshakes ?

From 3 different soft-drink
possible if at le

s and wants to hold its annual
und a round table if the Chairman
together? In how many ways can the
airman and the Vice-Chairman are never

rls go out for a picnic. In how many ways can all of them be

photographed stand together?

Akshay is planning te
more of five friends and

hday party at his place. In how many ways can he invite one or
at a circular table?

A cricket team of eleven is*to be chosen from among 8 batsmen, 6 bowlers and 2 wicket-
keepers. In how many ways can the team be chosen if there must be at least four batsmen, at
least four bowlers and exactly one wicket-keeper?

In how many ways can five boys and five girls be photographed if at least two girls stand
together?

A library has 11 books on Chemistry, 11 books on Mathematics and 11 books on Physics. In
how many ways can these books be arranged in groups of eleven?

How many words can be formed from the letters in “CORRESPONDENCE?” if the consonants
are always written together?

If numbers less than 10000 are formed using the digits 3, 4, 8 and 9 how many of these will be
even?
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39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

In how many ways can 5 boys and 3 girls be seated in a row such that no two girls sit together?
How many three digit numbers formed by using the digits 3, 4 and 5 are even?

If six persons are selected out of ten, in how many ways will a particular person be found
among those six?

A committee of five is to be chosen from among six men and four ladies. In how many ways can
this be done in order to include at least one lady?

A committee of four men and three women is to be formed from among six men and four
women. If a particular woman, W1, refuses to be on the committee with another woman, W2, in
how many ways can the committee be formed?

ord “SUPERANNUATION” if the
be written together?

How many words can be formed from the letter
vowels are always written together and all the sal

The manager of a football team of eleven players
players at a time. The manager can choose from ou
the photographs. In how many ways can the photograp he Vice-
Captain of the team are always i in the photo

phs of his team, six

photographs be taken if the Ca e-Captain in the
photographs?
What is the number of wor, i , , C, D, Eand F, taken

n different possible waist sizes,
ifferent types of pants could the
a deck of 52 cards such that:

1 the second is not a Queen?

How many w 2 to roll two dice so that the sum of the values on the upper faces is

divisible by thre
How many four-lette ere if the first and the last letters are vowels?

How many five digit numbe
reversed?

> there that are the same when the order of their digits is

How many different outcomes are possible when a pair of dice, one red and the other white, is
rolled twice?

How many different license plates involving three letters and three digits are there if the three
letters appear together, either at the beginning or at the end of the license?

How many different five letter sequences can be made by using the letters A. B, C and D such
that the sequence does not include the word BAD--?

A joint student — teacher committee of 5 members is to be formed from among 4 teachers, 3
male students and 5 female students. How many different committees can be formed if the
committee must consist at least 2 teachers, 1 male student and 2 female students?

If *°P, = 604800 and '°C, = 120, find r.
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58. There are 8 different locks, with exactly one key for each lock. All the keys have been mixed
up. What is the maximum number of trials required in order to determine which key belongs to
which lock?

59. There are 14 vacancies for clerks in a certain office. 20 applications are received for the
vacancies. In how many ways can the clerks be appointed? How many times may a particular
candidate be selected?

60. A student is allowed to select at the most X books from a collection of (2X + 1) books. If the
total number of ways in which he can select a book is 63, find the value of X.

ANSWERS

1. 360 2. 360,240 3. 43200

6. 15 7. 1140,231 8. 330, 462

11. 100, 180 12. 360 13. 9°

16. 60

21.5780

25.7

30. 315

35. 10! — (5! X 6!)

39. 14400

44.{(8171)/41} — (6!

47.29889 51. 16900

52. 900 56. 180

57.7
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Concepts 11

Binomial Theorem

The expansion of the expression E x + a)" where n is any positive integral index is given as
X"+ xXM"a+ e, xX"at+ ey x"Vad+ "c,a".

the expansion written above is known as binomial expansion. In the expansion the coefficient
of second term is "c; , the coefficient of third term is "c, thus the general term of the expansion

which is (r+1) " termis given as

", x™a or  (n)(n-1)(n-2) ........ (n-r+1) x"a

Lr
In applying this formula to any particular case, it should be observed that the index of a is the
same as the suffix of C, and that the sum of the indice and a is n.

Let us take an example find the fifth term of (a + means (4 + 1) " term

Therefore the fifth term is °c, a2(2x)4 = 240a°x"

The expansion of the expression (x-a)" is also same
and -ive signi.e x"-"c; x"Ya + "c, X" a? - "¢y x™ he general
term of the expansion is given asT,.. = (-1") "¢, X""a
or (-1") (n)(n-1)(n-2) ........ .
Lr
To Find The Greatest Ter

We have (x +a)"=x" (1
therefore it will be sufficie

in above expansion,

(r + 1)™ term is obtained by
{(n +1)Ir - 1} (/).

Let the " and

ce the (r + 1)" term is not always
becomes equal to 1, or less than 1.
L)ir - 1} (a/x) >1,
i. if we ge p then (p + 1)th and pth terms are equal and greater than any other
i.ifrisnotani ote its integral part with p and ( p + 1) will be the greatest term.
Example
if x = 1/3, find the greate the expansion (1 + 4x)8

The inequality will be give (8+1)/r - 1} (4/3) >1,

Solving this we will have 36 = 4r > 3r

36 >7r, integer value of the r is 5 so the greatest term will be sixth term. And its value will be

8cs X (4/3)° = 57344 | 243,
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EXERCISE 11
Find the expansion of {a + (a%-1)"34" + {a- (a?- )%’
{x* + (1/x%)¥*® which term in the expansion will be free of x.
(x -3)" + (x + 3)" what is coefficient of x* in the expression.
Find the coefficient of x*® in (ax” - bx)°.

What is the coefficient of x" in the expansion of (x + 1/x)".

find the value of (x + V2)* + (x -V2)*if x = 4.

Find the greatest term of the following expansion.
i (x+y)ifx=3,y=2
i.(2a+b)"ifb=5a=2

ii. (3+2x)" ifx=3/2

What is the middle term of the expansion ( 1 + x)?".
Prove that "C; + 2. "C, + 3. "Cs.#4 "Cy ...... ...

Find the value of (x,y, n) i 240, 720, 1080 of

the expansion (x +y)".

2.13"

7..(1) 13" (i) 9™ () 8™ and 9

10.n=5x=2andy =3
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Concepts 12

Probability

Deterministic Experiment : is the one which gives a certain definite result. e.g. acid is added to a
base.

Random Experiment : is the one which gives one or more results under identical conditions. e.g. a
coin is tossed.

The set of all possible outcomes of a random experiment is known as the sample space and
every outcome is a sample point.

An event is a subset of the sample space. An
elementary event or a simple event. The eve
impossible event. Events are said to be equally
than the other. Two or more events are said to be

a singleton set is called an
empty set is called an
nappen more often
events cannot
occur
simultaneously. Two or more ev i i non

Probability of A = P(A) =
. 0<P(A)<1
e P(A)+ PA)=
then

odds against Aareb : ai.e.bto

Thus;, in ‘a’ ways and fail in ‘b’ ways, and each of these is equally
likely, t hance of its happening is a/(a + b) and that of its failing is b/(a +
b). The ch ng of an event ‘a’ is also stated as "the odds are a to b in favor of
t the event".
If ‘p' is the pr appening of an event then ‘(1- p)' is the probability of its not
happening.

Binomial Distribution : If nt
ineachtrialispandq=1

rformed under the same condition and probability of success
en the probability of exactly r successes in n trials is :

|  Pm="Cp'q"" |

Geometric Theorem : If an experiment is performed indefinitely under the same conditions then the
probability of first success in the n" trial is given by :

[ P(n)=pg" " I

where p = probability of success in each experimentandq=1-p

If p1 and py are the chances that the two independent events will happen separately then the
chance that they will both happen is p1 x pp. Also, the chance that the first event happens
and the second fails is p1 x (1-p2) and so on.

If an event can happen in two ways which are mutually exclusive and if p; and p, are the two
respective probabilities then the probability that it will happen in some one of these ways is p1

+ p2
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Conditional Probability :

Consider the three events. Two dies are tossed then -
A:  Sum of the scores is even.
B : Sum of the scores is less than 6

Writing the sample space it can be seen easily that the probability of event A is %2 and that of
event B is 5/18. But if it is given that the event A has already occurred then the probability that
sum of the scores is less than 6 is 2/9.

The event B is same but it's probability changes accordingly A has occurred or not. Thus the
probability of an event B when event A has already occurred is denoted by P(B|A) and is
defined by

P(ANB)

PEIA = =5

Ex. What is the chance of drawing an ace from a deck of ¢

Sol. There being 52 cards in a deck o e total numb 5 Ving a
card is 52. Since there are 4 a omes is
4.The chance or probability ive i otal number
of favorable outcomes to t i
Which in this case is: 4/5

Ex. A three digit number is to i ) is the probability that
the digit formed is great i d and (b) repetition is
allowed?

Sol. (a) If the ) sibilities of forming a three digit

formed is
Number of ng a number greater than 500is 5 x 9 x 9 = 405.

Ex. Harshad and Amit
throwing a higher numbe

Sol. Total number of outcomes of throwing two dice is 6 x 6 = 36.
Amit must throw either 11 or 12. This can be done in 3 ways namely
(6+5,5+6,6+6).
Thus Amit's chance of throwing a higher number is 3/36 or 1/12.

Ex. A bag contains 4 red and 7 green balls. If three balls are drawn from the bag, replaced and
once again three balls are drawn from the bag, what is the probability of obtaining 3 red balls
on first drawing and 3 green balls on second drawing ?

Sol. Total no. of ways of drawing 3 balls from glven 11 balls is 11C3 165
Number of ways of drawing 3 red balls is C3 =
Number of ways of drawing 3 green balls is'Cg = 35
Probability of 3 red balls on first drawing = 4/165 and the
probability of 3 green balls on second drawing = 35/165
Thus the chance that both events happen = 4/165 x 35/165 = 140/27225 = 28/5445.
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EX.

Sol.

EX.

Sol.

EX.

Sol.

EX.

Sol.

EX.

Sol.

Ex..

Sol.

In the situation explained in above problem, what is the required probability, if the balls are not
replaced before second drawing ?

Total no. of ways of drawing 3 balls from given 11 balls is 1103 =165
Number of ways of drawing 3 red balls is*C3 = 4

Probability of 3 red balls on first drawing = 4/165

Having drawn 3 red balls, the bag will contain 8 balls (1 red & 7 green).
Total no. of ways of drawing 3 balls from given 8 balls is 8C3 =56
Number of ways of drawing 3 green balls is'C5 = 35

Probability of 3 green balls on second drawing = 35/56

Thus the chance that both events happen = 4/165 x 35/56 = 140/9240 = 7/462.

ain another event are 3to 2. If
occurrence of at least one

The odds against a certain event are 9 to 7 and a
the two events are independent of each other, fi
of the events.

The chance that A will not happen is 9/16
The chance that B will not happen is 3/5
Thus, the chance that both will not
Chance that at least one will ha|
One number is selected at . What is the chance
that it is a multiple of eith

The probability that the nu
The probability that the nu
Neither 5 nor 7 ha s these two events are mutually

is (5+3)/25 = 8/25

Ten ho are 30%, that B will win are 20%
of them will win?

A bag conta
the probability

apples and 7 red apples. If two apples are drawn from the bag, what is
ed and the other is green ?
The required probah 'c,)**C, = 35/66.

The probability of A so a problem is 1/4 and that of B solving it is 1/5. If they try
independently what is the probability that (a) Problem is solved (b) Problem is not solved

(a) Probability of A and B both solving the problem = (1/4) x (1/5) = (1/20)

The probability of either A or B solving the problem is given by P(A) . P(B’) + P(B) . P(A’) +
P(A). P(B) = (1/4) .(4/5) + (3/4).(1/5) + (1/4).(1/5) = 8/20 = 2/5

(b) The problem is not solved if neither A nor B solves it. The probability of which is given by
(3/4) % (4/5)=3/5
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

EXERCISE 12
Find the chance of throwing more than 15 in one throw with three dice.
In a single throw with two dice, find the chances of throwing (a) five, (b) six
If four coins are tossed, what are the chances that there will be two heads and two tails ?

A has three shares in a lottery containing 3 prizes and 9 blanks; B has two shares in a lottery
containing 2 prizes and 6 blanks. Compare their chances of success.

The letters forming the name CLINTON are placed at random in a row. What is the chance
that the two vowels come together ?

A bag contains 6 different white and 9 different bl ree balls are drawn at random,

find the probability that all of them are black.

Two dice are thrown, find the probability that the n
multiple of 3

rfect square (b)

Two dice are thrown. Find the pro

A bag contains 3 different . balls are
chosen at random. What i i e red ball is chosen,
(b) no white ball is chosen

From a collection of 12 bu i at random for three
sockets in a room. Find th i i ulb is sufficient to light
the room.

e chance that in a series of five

ill have 53 Sundays ?

examiner from a list of 50 persons. 20 are women, 30 men, 10
of them are teachers and 35 are not. What is the probability that the
knowing woman teacher ?

know Hind
University se

The probabilities
arithmetic are 0.2, O:
solved.

dents, Rahul , Shashank, and Charudatta will solve a problem in
espectively. Find the probability that the problem will not be

A bag contains 5 blue and an unknown number of red balls. None of them are similar. When
two balls are drawn at random, the probability of both being blue is 5/ 14. Find the number of
red balls.

Find the probability of getting the same digit on the top face of two dice when rolled.

5 boys and 3 girls are to be seated on chairs arranged in a row. If the arrangement is made at
random, find the probability that no two girls will be seated next to one another.

It is known that at noon the sun is hidden by clouds on an average of two days out of every
three. Find the probability that at noon on at least four out of five days the sun will be shining.

If on an average 1 vessel in every 10 is wrecked, find the chance that out of 5 vessels
expected, at least 4 will arrive safely.
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20.

21.

22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

One MBA institute offers 1 subject in marketing, and 3 in finance, the second offers 2 in
marketing and 4 in finance, and the third offers 3 in marketing and 1 in finance. If a student can
take admission to either marketing or finance, but not both, and at an institute selected at
random, find the chance that he takes admission in the marketing stream.

The daily production of a textile mill consists of three colours of yarn: Red — 40%, Blue — 35%
and Green — 25%. It is seen that 2%, 5% and 7% of the Red, Blue and Green yarns are
defective. What is the probability that the defective yarn selected is Green in colour? What is
the probability that the yarn chosen is a non-defective red yarn?

A basket contains 7 white, 11 blue and 9 black balls. Five balls are removed from the basket.
What is the probability that out of these removed balls, there are at least two white balls?

Salil has 9 five rupee coins with him. What is the prok
when he tosses each coin once?

bility that he obtains at least five tails

Four digit odd numbers are formed by using the
followed by 5. What is the probability that the nu
allowed?

such that 3 is always
epetitions are not

A score of 5 or 9 is to be obtained
case?

pered that these three
the probability that he

A person forgot the last thr
were different digits. He di
has dialled the correct tel

ent colour and the rest
the probability that four

A box contains 15 distinct
are all white. Fi

Two s i ance that A solves the problem is
A does not.

What is the
or a Spade?

at a card drawn at random from a fair pack of 52 cards is either a King

Two fair dice are t
exceeds 3 and that on

is the probability that the number of dots on the first die
exceeds 47?

A box contains 6 white and 3'black balls. Another box contains 5 white and 4 black balls. A ball
is drawn from the first box and placed in the second box. A ball is now drawn at random from
the first box. What is the probability that the ball drawn is white?

A bag contains 7 white and 9 blue balls. If two balls are drawn at random, what is the chance
that one ball is white and the other is blue?

A bag contains 5 red and 7 white balls. Another bag contains 3 red and 12 white balls. What is
the probability that a ball drawn at random from one or the other bag is red?

A player rolls a biased die and receives the same number of rupees as the number of dots on
the face that turns up. Die is such that it is twice likely shown an even number than an odd
number. What should the player pay for each roll if he wants to make a profit of Rs. 2/3 per
throw of the die in the long run?
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35. Seventy college teachers are surveyed as to their possession of colour T.V.,VCR and tape
recorder. Of them twenty own only colour T.V., ten own only VCR and fifteen own only tape
recorder. Five teachers own all the three. Find the probability that a college teacher selected at
random possess only two items.

36. A bag contains seven white and fourteen black balls. What is the probability that two balls
selected at random are of different colours?

37. A person was dialling a telephone. He forgot the last three digits of the six digit telephone
number but remembered that the number formed by the last three digits in the same order was
a perfect square. What is the probability that he dialled a right number?

38. The probabilities of the three students A, B and C solving a certain problem are 0.5, 0.2 and
0.3 respectively. Find the probability that the problem is not solved.

39. The probability of winning a lottery is 0.25. If a per our lottery tickets, what are the
chances that he will win on at least one of the fou

40. Four persons entered the lift cabin on the ground flo guse. Suppose that
each of them independently and with equal proba in_at any floor
beginning with the first. Find out the probability of all fou

1. 7/216

5. 27

9. 1/6, 5/12, 5/9 12. 217
13.3/125 16. 1/6
17. 5/14 20. 4/9.
21. 35/86, 49 X 2°C3) + ("Cax 2°C,) +('Cy x 2°Cy) +("Co)}/?Cs.
23. %. 25. Same. 26. 1/720.
27. 50/3003. 29. 4/13. 30. 1/6.
31. 2/3. 33. 37/120. 34.Rs. 3.
35. 2/7. 36. 7/15. 37. 1/32. 38.0.28.
39. 175/256. 40. °P, 1 6.
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Solutions
Concepts 1. EQUATIONS.

1. Bx-17+3x-5 = 6x-7-8x+115
o 8x-22 = 108 - 2x
o 10x = 130.
SoX o= 13,

2. Xx-[3+{x@B+xf]=5
L X-[3+1%x-3-xt]=5
. x-3-3) =5
S X=5

3.  Expanding, we get, X’ +2x+1+2(X* +6x+9) =
X HE2X+ 1+ 2% +12x+ 18 = 3x° +6x+ 35
. 8x=16 .. x=2

4. (C+3x+2)(x+6) = X+ 9x° +28x - 4
X2+ 6K+ 18X+ 12 = X+ 9x° + 28X - 4
216=8x .. x=2.

5. (3a+1)(2a-7) = 6(a-3)°
~(6a°-2la+2a-7) = 6
.. 6a’-19a-7 = 6a’-3
~17a = 68 . a=4.

6. Multiplying the first equatio
Subtracting the 1

7. it's place and y in the ten's place, the original number is 10y + x
and the nu on reversing the digits is 10x +y.
The sum of 10x +y) + (10y + x) = 11x + 11y = 11(x+y) which is stated to be
110.
Thus, 11(x +y) =
~X+y=10.
Also, difference of digits = 6.
Adding the above two equations, we get, 2y = 16 ..y=8
X=2.
Hence the number is 28, or 82.
8. If p is the cost of a pig and g is the cost of a goat, we have the following relations

6p +7g = 2500.... (1) and 11p +13g =4610....(2)
Multiplying (1) by 11 and (2) by 6, we have,

66p + 77g = 27500 ...(3) and 66p + 78g = 27660..(4)
Subtracting (3) from (4), we get, g = 160.

Substituting g = 160 in (1), we get, p = 230.

Thus a pig costs Rs. 230, and a goat costs Rs. 160.
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10.

11

11

11

12a.

12b.

12c.

13.

If x is the unit's place digit, and y is the hundred's place digit, the number is yOx.
~y+0+x = 11...(1)

The new number on reversing the digits is x0y

We have, difference of numbers = (100x + 0 +y) - (100y + 0 + X) = 495.

99x - 99y = 495, . x-y = 5...(2)

adding (1) and (2), we have, 2x = 16,i.e.,x=8

Substituting, x = 8, in (1) we get, y = 3.

Hence the number is 308.

Let the numerator be x and the denominator y.
(x-D/(y+2) = 1/2, . 2x-2 = y+2 . 2x-y = 4..(1)

also, (x-7)/(y-2) = 1/3 -.3x-21 =y-2, ..3-y = 19..(2)
Subtracting (2) from (1), we get, x = 15.
Substituting in (2), we get, y = 26.
Hence, the fraction is 15/26

(@) x? - 8x+ 16 =0. We need to find two number
The factors are -4 and -4.
X -4Ax-4x+16 = 0.
LX(X-4)-4(x-4) =0
L (x-4) =0.
SoX=4,

(b) 12x°-11x+2 = 0.
Since 12x2 = 24, wi
The factors are -3 a
512X - 3x - 8x + 2
o 3X(A X

factors roduct is 24.

We have, x°- (1/3-5/2
5. 6x° +13x-5= 0.

)-5/2) =0

X" (plg+q/p)x+(p/a)g/p) = 0.
Simplifying, pgx“-(p“+q9°)x+pq = 0.

We have Sum of the roots = (3 + 5V-1)/2 + (3 - 5¥-1)/2 = 3. and
Product of the roots (3 + 5V-1)/2) (3 - 5V-1)/2) = 17/2
Hence the required equation is x* - 3x + 17/2 = 0. i.e. 2x*- 6x+ 17 = 0.

p+q=-b pg=c. -(p+a) =b’

(P-a)"=(p+q)°-4pq=b"-4c

. Sum of the roots of the required equation = (p+q)® + (p-q)° = 2b°® - 4c

and Product of the roots of the required equation = (p+q)? (p-g)* = b(b? - 4c)
~.Required equation = x* - 2(b” - 2c) x + b%(b® - 4c) = 0.
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14

15.

16.

17

18.

19.

20.

21.

22.

23.

24,

(1).Sumoftheroots=-bla=a+(-a)=0=b=0
Hence the roots are equal in magnitude and opposite in sign when b = 0.
(2). Product of theroots=cla=ax (/o) =1=>a=c.

Let o be the common root. .. a satisfies both equations .
s ao’+ba+c=0..(1)
and pa®+qa+r=0..(2)
Multiplying (1) by p, and (2) by a, and subtracting (2) from (1), we get,
(bp-aq)a+(cp-ar)=0.
.. Thecommonroot=a=(cp-ar)/(aq-bp)

Xx=3+1V2 = (x-3)=+2.
Squaring both sides, we get X2-BXx+9=2=x-6x+7=0
. m= 7. and the second root = 3 -V2, as irrational ro

yS Occur in conjugate pairs.

(a)b® - 4ac = (-14)* - 4(3)(20) = - 44.
Since b? - 4ac < 0, the roots are complex and co

(b)Simplifying, we have, 15x* - 17x + 3 = 0.
~b% - 4ac = (-17)?- 4(3)(15) = 1009.
Since b? - 4ac is +ve, but not a are, the root

For the roots to be real and

i.e. (-2h)? - 4(5)(5) = 0.

s h=+25 =45,

x+y = 11, x> +y?
X3+y3
.. 407

Substitut above equation, we get,
xy = 1.i.e
Substituting e first equation and solving the quadratic equation, we get,

x=1,y=1.
From the first equatio X2 +y*) 1 x*y*= 61/ 900
- X’ +y? = 61, since
Substituting x = 30/y in the
y=x5,0ory==6.

Accordingly, x=+ 6, x=+5.

st equation and solving the quadratic for y2, we get,

Solving as in problem no. 21, we get x=3 or4andy =4 or 3.

Substituting x =y + 3 in the first equation, and solving the quadratic obtained in y, we get,
y=-11,ory=38.
Accordingly, x=-8orx=11.

X -yt = (x-y)’ +3xy(x-y)
= (x-y)(x-y) +3xy]
= (x-y) (X +xy +y?)

.56 =(x-y)(28)

LX-y =2

X =y +2.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Substituting the above in the first equation, we get,
(y+2)’-y’ = 56.

Solve the above cubic equationto get y=-4 ory = 2.
Accordingly, x=-2or x=4.

Weget x=10+y

Substituting in the second equation and solving the quadratic in y, we get,
y=-12ory=2.

Accordingly, x=-2 or x = 12

Let x be the smaller number... The larger number is x + 9.
Thesum=x+x+9=29,ie.2x+9=29... 2x=20... x=10.
.. The required numbers are 10 and 10 + 9 = 19.

Let the man travel x km on horseback. .. He trav
.. Total distance traveled =1 + x + 2x = 10

5. 3x+1=10.i.e.3x=9 . Hence x=3.

. The man travels 3 km on horseback.

Let A have Rs. x. .. Bhas Rs. x +
Together they have x + x + 5 +
.. 3x+20=38. .. x=6.Bh

Let the required number b
(x+5)(x+35)=(x+1
X+ 40X+ 175 =%+ 3
.. 10x=50.x=5.

If X is the re
. Xx=125(144)/ 125 = 144,

(2/5)x, i.e. (14/45)x.
5+ 14x/45 = 770. .. (45x + 18x + 14x)/45 = 770
.. B has Rs. 180, and C has Rs. 140.

Let w be the V e the length.

". From the first =(2/3)..(1)

The room will be S hange in dimensions. .. the width and the length will become
equal.
Lw+3=1-3 e w=
From(1)and (2), we ge 6=(2/3)1
o 1=18.and w=12.

Equalising the denominator, we get, 3x+4 (x-5)/12 = 10... 3x+4x-20=12(10) = 120.
o 7x =120 + 20 = 140... x = 20.

(x+19)/5-x/5 = 3. .. x+19-x=3(5).
. 19 = 15, which is absurd.
Thus the above equation has no solution.

S (X+5)6-(x+1)/9-(x+3)/4 =0

.. Equalising denominators, we have, 6 (x+5)-4(x+1)-9(x+3)=0
56X +30-4x-4-9x-27=0... -7x=1 .. x=-(1/7)
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36.

37.

38.

39.

40.

41.

42.

43.

44,

Equalising denominators, 28 (x+2)-18(x-7) =12(21)
5. 28X +56 - 18x + 126 = 252
2. 10x =252 -126-56 =70 .. x =

L (x-8+23-x)5+[7(4+x)+4(x-1)]/28=7.
S (24+11x)/28=7-3 .24+ 11x=4(28)

~x=(112-24)/11=8.

Let the shares be p, g, r, and s respectively. From the conditions, we have the following
equations,
p=2r,q=3s,r+s=p-50,andp+q+r+s=290.
We have, r+s=2r-50 .. s=r-50, since p=2r
Alsoq=3s=3(r-50)=3r-150.

Substituting all values in terms of r, in the total eq
2r+3r-150 +r+r-50=290.
S 7r=490...r=70.

p =140,9=60,s =20.

If a and b are the respective present ages oannd B,
l(a)-2=1(b) and 2b=a-1
11 7

~[7(2b+13)-154-11b
a=2x21+13=55.

Let a be the number of on
Amount = (100a + 5b) Ps.
Amount after first change :

. -95a + 95b = :

=6+a=11.

and 2w=b + 4

LetmRs. and b Rs. b
10m + 8b = 37and 4m - e.dm-6b=1

Multiplying the first equation by 3 and the second by 4, we get,
30m+24b =111 and 16m-24b=4.

Adding the above, we get, : 46m=115. .. m=2.5
Substituting in any of the equations, we getb = 1.5

of a man and a boy respectively. From the given conditions,

Let the son be x years old. .. The father is 5x years old.

From the given condition, x> + ( 5x )*> = 2106.

-, 26X° = 2106. x> =2106 /26 =81.

SLX=x09,

Since age cannot be negative, the son is 9 years old and the father is 45.

Let the numbers be x and x + 1. From the given condition,

1/x+ 1/(x+1) = 15/56 [x+1+x]/[x(x+1)]=15/56
- 112X + 56 = 15%° + 15x - 15x%* - 97x - 56 = 0.
- 15x%- 105X + 8x-56=0. .. (15x+8)(x-7)=0

-(8/15),orx=7.
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45.

46.

47.

48.

49.

50.

51.

52.

53.

Since the numbers are consecutive, x must be an integer. If x = 7, the next number is 8

The area of each tile becomes ( 200/ 128) i.e. 25/16 times due to an increase of 5 cm.

which means that the dimension of each tile becomes 5/4 times x, i.e. increased by 25 %.
Thus, 5cm = 25%.

.. The original length of the tile = 20 cm.

(*N. B *): The above problem has been solved in an unusual manner. But the method is fast
and ideal for typical problems which are to be solved under time pressure. You need to be very
fast with percentages for such problems.

Let the man buy x m of cloth at y Rs. per m. From the conditions of the problem, we have,
x.y=50and (x-5)(y+1)=860, since his profitis Rs. 10.

S Xy -5y +x-5=60 ~. 50 -5y +x-5=60.
.o X =5y +15.

- (5y + 15) y = 50, substituting for x.

Sy +3y-10=0

Ly=-50ry=2.

Discarding the negative value, we get, y = 2, and X =
Thus the man originally bought 25 m of cloth.

Let A and B have a and b cows re i owWs.
.. The price each cow fetched j
From the conditions of the pr.
a.x/b = 3200...(1).

Dividing (1) by (2), we
a’/b*= 3200 /2450 . a/
Also since they have 30 ¢
Solving the above, we get,

Multlplyln

2xy = 52.

X2-2xy +y?-2xy =52 . (x-y)*-

from the first equation,

0 numbers whose difference is 10, and whose product is 24.

or -2 and -12.

should start doing such problems orally, which is possible by
aeed to write lengthy equations and perform cumbersome

We simply ne
The numbers are
(*N.B.*):Att
practice. There shou
calculations.

. X+y [ xy=2, hence, 2Ixy =2 Soxy =1,
Agam it is very obV|ous that both x and y must be equal to 1.

a+pB=-glpandof =r/p, o’ + > = (a+P). (& + B - aB) = (-a/p).[( o + B) - 3ap] = (1/p°)(3par
- ).

[(d+1/r)?-d*]/d?=(1+1/rd)?-1=(1 2d*+2/rd)=(1/rd)(2+1/rd).

As the degree of the given equation is 4, there will be, in all, 4 roots possible. According to
descartes’ rule, there will be zero positive real rules, as there are no sign changes in f(x) and
there will be maximum 4 negative real roots, as there are 4 sign changes in f(-x). As one of the
roots is V-1 , which is irrational and complex, its conjugate will be another root. Hence, there
are two complex roots definitely. The other two roots can be negative real roots or complex in
nature.
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54.

55.

56.

57.

58.

59.

If the roots of the equation are to be equal, the discriminant B? - 4AC = 0, hence
4(a’ - bc)® = 4(c? -ab)(b® - ac), which simplifies to [ a (a® + b + ¢® - 3abc ) ] = 0, hence the
result.

X2 +a?=8x + 6a, X - 8x + (@° - 6a) = 0, If the roots of the equation are to be real, the
discriminant B? - 4AC > 0, 64 - 4(a®-6a) >0. = a’-6a-16 <0 = (a-8) (a+2) <0 .. -2<a<
8.

3 - Tx + 79 = 0, As the roots are reciprocal to each other, their product = 1.
.. the product of the roots = 7q/3 =1, q = 3/7.

Applying Descartes’ rule we see that two times change of sign takes place so there will be
maximum 2 +ive roots and by changing the sign of t ariable we see that only one time the
change of sign takes place so there will be maxin ative root. As the degree of the
equation is 9 so there should be 9 roots therefor e will be atleast 6 imaginary
roots.

As the roots are equal and of opposite sign let it be a,
Then we have (x —a ) (x + @) (x-b ) = x* — bx*- a® x + ¢
coefficient of x with power 2 and coefficient of x is equal t

so condition for the two roots t i IS pq =
r.

Let the three roots be a, b
We get X’ — (a + b +¢) x?
Comparing this with the gi
Sum of square of roots a’
answer.

q
p® — 2q and this is the

rm negative has atleast two real

Every eg

We have, (7x-4y): (3
substituting the value of x/y /4,
(7x-4y):(3x+y) = [21/4-4]:[9/4 + 1]
5/4 : 13/4

5:13

xly) - 4] : [3(x/y) + 1] (dividing throughout by y)

Let the fourth proportional be x.
5/3=10/x. x=6.

If a is the mean proportional, we have (xly + y/x) [ X3 ly( + y?)] = a°
ALOE Y)Y (X +y?) )= @

Xy = al

soa=xly.

al3=b/s=c/1l = (3a+5b-7c)/x
. (3a+5b-7¢c)/(9 + 25 -7)= (3a+5b-7c)x
= Xx=27.
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10.

11.

12.

13.

14.

15.

Let the sides of the rectangle be 3x & 2x

5 (3X)(2x) = 6X° = 96

SoX=4.

.. The sides of the rectangle are 12 cm and 8 cm.

Dividing throughout by 4b® ; we get
(a/b)®> + 2 =3 (a/b) = (a/b)®- 3 (a/b) +2=0
(alb-2)(ab-1)=0=ab=1or2

Let the ages be 5x & 4x.

After 25 years (5x + 25) / (4x + 25) =10/ 9.
Solving for x, we get, x = 5.

.. The present ages are 25, and 20 respectively.

Let the 4 numbersbe a, b,c,d ... alb=c/d = ad =

a+d=21,b+c=19,a°+b’+c® +d’ =442

~.(a+d)® + (b+c)? = 442 + 4ad

.. 441 + 361 = 442 + 4ad = ad = bc = 90.

s.,ad=90and a+d=21= numbers are 15 and 6. a
bc =90 and b+c = 19 = numbers are 10 and 9
Hence the numbers are 6 : 9 : ; 6:10::9:

V = krzh, V =volume, r=r
V, = kl’lz hl and V, = kr
.. 88=k. 217 .12.

L V,=462= (22X 1,° X
.., =63 cm.

a=kvb/c’ .
In the secg

)y + D(x +1)]
+2y+2,and

.. Ratio of alce in mixture = (2xy + x+y )/ (x+y+2)

We have, F = k.m;
In the first case, 48 )(4x10™) / (1000)? .. k=6x10"
In the second case, 66 12)(11x10°%)( 2x10°) / d?

d = (2x10°)¥? = (400 x 5)¥2 = 20+5.

Area = kr®

154 = k(7%) ~k=22/7

- Area = (22/7)(10.5 )2
= 346.5cm

Let V =KkTD? where V = value, T = thickness, D = diameter, k = constant
We have, V; =k T;D,* and V, = kT,D,’

o (V1/ Vo) = (Ty/T;)(D1/D,)°

Substituting V, /V, =4/1, D;/D, = 4/3, we get,

4=(T1/T5)(16/9). .. (T{/Ty)=9/4

.. Ratio of thickness is 9 : 4.
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16.  T4/T, = V(Hy/H,) = 3/T = \(44.1/122.5) = \(441/1225) = 21/35 .T =5 sec.

17. Let H=kA/B where H = altitude, A = area, B = base, k = constant
3 =k(6)(4) k=2
.. Required altitude H=2x12/8 = 3.

18. Let the numbers be 3x & 4x.
S (Bx-N(4x-7)=2/3
Solving for x, we get, x = 7.
Hence the required numbers are 21 and 28.

19. Let V =kAH where V = Volume, A = area of base, H = altitude
From the first condition, 280 = k (60 )( 14)
sk =1/3.

-390 = (1/3) .A .(26)
S A=45sqg.m.

20. We have p=ki/(qg®- 1)
From the first condition, 24 = k/ ( 10%-1)
-k =24x99.
Wheng=5, p=(24)(99)/

21. (X +y*) /[ (m®+n?)=xyl
by componendo and divid
= (x+)% (x-y)*= (m+
Hence, (x+y)/(xy) =

22, 12x°+3y*- i xly = ¥ or 1/3.
23. (N+1) N =3 or - 6, hence the fraction
is 3/

24. r=

25. 4litr,=2r,=S/4=1/4 S, =1lit.

26. Let ulv =w herefore u = kv, w = kx and y = kz. Substituting these values L.H.S.
={ 2vgkv)6 - 5 (kv) (kxz)z (kz)° 1/ [2v7 - 7%z + 15w 22 (kz)* P2 = {K® [2v - 7X° z
+ 15vx°z°K% 1 [2 vx’z® K112 = K3, But R.H.S. = (uwy) / (vxz) = (kv) (kx) (kz)/(vXz)
= k*. Therefore L.H:

27. let the numbers be k/a a, k, ka, ka®. Therefore we have (k/la + ka) / (k + kaz) =%. 0n

solving we get a = 2. But k/2? + k/2 + k +2k +2%k = 372. Therefore k = 48. Therefore the
numbers are 12, 24, 48, 96, 192.

28. mZA = 26. Then m«£B = 50 and m£C = 116. Therefore 26 + 50 + 116 = 180. On solving mZA
= 20°, m«£B = 50° and m«C = 110°.

29.  We have (X + y%) / (¢ - y®) = 793/665. On solving we get x*/ y* = 729 / 64.
(1) Therefore x/y = 9/4.Now (2x - 3y) / (2x + 3y2) = (2x9 - 3x4) / (2x9 + 3x4) = 1/ 5.
(2) xly = 9/4. Therefore x°/y* = 81/16. Now (3x° - 4y)/(4y®) = (3x81 - 4x16)/(4x16) = 179/64.

30. The angles of the quadrilateral be 6, 26, 560, 46. Therefore 6 + 26 + 56 + 46 = 360°. On

solving we get the angles as 30°, 60°, 150°, 120°. Since 30° + 150° = 60°+ 120° = 180°.
Therefore it is a cyclic quadrilateral.
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31. Suppose Samar got 7x marks in English. Therefore marks in Hindi, Science and Sanskrit are
14x and 9x and 15x respectively. Total marks obtained in languages = 7x + 14x + 15x = 36x.
Therefore marks obtained in Mathematics is 18x. Therefore 36x + 9x + 18x = 63x = 252. So X
= 4. Samar obtained 28 marks in English, 56 marks in Hindi, 36 marks in Science, 60 marks
in Sanskrit and 72 marks in Mathematics. Since passing marks are 40, Samar failed by 12
marks in English and by 4 marks in Science.

32. We have L. = k/m, where k is a constant. Now 80 = k/400, i.e. k = 32000. Therefore the
equation becomes A =32000/n. Therefore A = 32000/320 = 100 cm.

33. Let the distance and time are denoted by d; and t respectively. We have d = kt?, where k is a
constant. Therefore d, / ds = (4) /(3). So (d3 +33) / d3 = 16/9. On solving we get ds= 9x33/7.
Putting in above formula 9x33/7 = 9k. Therefore k = 33/7. Therefore d; = 33/7x7% = 231m.

34. D= KW1L13/ |1 =K ( 5/4)W1 L23/ (16'1/25) Oon
length should be reduced by 20%.

et L,/ L, = 5/4. Therefore the

35. We have V = K\W, where V is the value of the di the diamond and
K is a constant. Initialy, 1000 = KV25. So, k = 200.
V, = 200V9 = 200x3 = 600
V, = 200V16 = 200x4 = 800
So, Total value = 600+800 =

So, Net gain = 1400-1000

Concepts 3: FUNCTION

1.

n

7. f(x)=8, gf(9) =
*N.B.* : Here, both the functions are constant functions. The dependent variable always
remains constant, irrespective of the independent variable.

8. g (10/x) =1log 1010 = log1g 10 / log 10 (10/x) = 1/ 1091010 - logg X = 1/ 1 - log;g X
=1/ 1-[f(x)/a]=alla-f(X)]

9.  Consider the following identity : (X - y )? = x* + y? - 2xy
Substituting the functions in the above identity, we get,
[h(xy) P =1fxy) -2V [gxy)] -
*N.B.* : Here we consider only the positive value of V[g (x,y)]
10. fX)=x*-x*-x+1=(x+1)(x-1)*andg(x) =x*-2x+1=(x-1)% hence f(x) = (x +1).g(x).

11.  f(x) = log, X2 = 2log; x and g(x) = log,4 = 2/ log,x , hence f(x) =4 / g(x).
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12. f(2)=2°+2"+2°+1=85.

13.  Giventhatf(x) = [(1+x)"+ (1-x)"271/[(1+x)"?- (1-x)"?]
Rationalizing the denominator we get f(x) = [ 1+ V(1 - x3) ]/ X
at x = (V3) / 2; we get f(x) = V3

14. Giventhatf(x) =3x-5 and f (g(x)) = 2(x)
5 3.0(x)-5=2x
S gx)=(2x+5)/3.

15.  Let (x1,y1) be the required point. Therefore y1 = f(x1) = 2x1 + 3. But x1 = f(y1) = 2y; + 3. On solving we get,
Y1 =2x3 +3 = (X1 - 3)/ 2. Therefore x; =-3 and y; = -3.

16.  We have g(3) = (3)® +3 = 30. Therefore [3,30] = 3 x 30 =90

17.  From the definition of f(x) it is clear that f(x) = f(1/ = f(2) = 260.78.
18. f(o,y+2)=y+5
f(x+5y) =f(xy-1)
=f(0,5)
=f(0,3+2)
=3+5
=8 ans.

f(5,6)=f(0+5,6)

19. (15, 6) In order to have
10, the second step redu
have value of the function
Step 1: f(10+5, 6) = f(10,5)

/]

value of variable x to
0 and then we can

20. be written as

ill be always divisible by (125 — 64) = 61

en it will be always divisible by (125 + 64) = 189
21. f(x,y)=x X, V) =x*+y>  h(X,y)=xynow

y) where x +y = (¢ +y* +2x)" ={g (xy) +2h (x Y}
B H{g (%, y) -h(x, )}

22. y=@Bx+4)/(5x+3)
on solving this the value o
Xx=(3y-4)/(3-5y)

23. f(ab)=a’+b®,g(a,b)=a+b,f(3,9(3 4))
0(3,4)=7
f(3,7)=3" + 7°=352

24. f(x,y) =1+2+3+....... +x ifx>y

(F(O,1)+f(1,2)+F(2,3)+f(3,4) + v, f(10,9)
(f(0,1)=1

(f(0,2) =1+2

(f(2,3) =1+2+3

(f(8,4) =1+2+3+4

Like this it will go on and which is actually a series

T, the general term of the series willben (n+1)/2

Tn-(n®+n)/ 2 and the sum of the whole series will be given as
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25.

26.

27.

28.

2T, =1/2 (an + 2n) The first part in the parenthesis is summation of squares of natural
numbers and the second part is summation of natural number and when we substitute the
formulae and n = 10

Y (1385 + 55) = 220 is the answers.

f(x)=x/(x+1)
f"(x)=(n-1)f" (x) for n>1

Let f(x) = ax® + bx +c
f(-3)=9a—-3b+c=6

f(0) =0+0+c=6

and f(2) =4a +2b + c =11
f(x) =4a +2b +c =11
a=1/2, b=3/2, c=6

f(x) = Y2 X° + 3/2x +6

f(x) =% +3/2+6=38;(1,8)

If we apply the given three se iven into

question.

It is not possible to get g truction. If we apply
any instructions to F (x), ally e.g. if the side
with 3 units measurement surement will become
2/3.

(1)

29.

30.

2 (i)

After applying the given three instruction we will get (I ), (ii) & (iii) graphs respectively. Final
graph i.e.(iii) graph, will be similar to the graph given in question .

g(x) = f{f(x)} = f (1/1-x) = 1/(1 — 1/(1-x)) = -(1-x)/x
and h(x) = f[{f(x)}]= f{g(x)} =1/(1- g(x)) =1/(1 +(1-x)/x) = X
f(x) g(x) h(x) = 1/(1-x).{- (1-X)/x}.x = -1=b, similarly calculate value of a. a = (2-x)/(1-x)
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31.

32.

33.

Therefore the give
(b)This graph

34.

35.

36.

f(-X)= l0ga(-x +V( +1)) = loga(-Xx +V( +1) (X +V( +1)/ (X +V(E +1)
= loga(X® +1-x%)/ (x +V(x* +1)) = - loga(X +VOE +1)) = - f(X)
So, the function is an Odd function.

(i) f(x) = 1\( x- | x ), For real value of the function x-|x| > 0i.e. |x|<x, which is not true for
any real x, hence Domain of function ,D; ={ } ,i.e. f(x) is not defined for any real x.

(i) For Domain of function, f(x) must be a real number, (x+1)/(2x — 1) must be a real number.
and for that, 2x — 1= 0 ; x # % ; therefore Domain of given function will be set of all real number
except ¥z .

For Range, Lety = (x+1)/(2x — 1) ; 2xy —y = x+1; x(2y — 1) = 1+y

x =(1+y)/(2y —1),since x is a real number, therefore (1+y)/(2y —1),must be real; y=1/2
Therefore range of function will be all real number. except %.

we will get graph (ii), now take
ich is similar to (i) graph.

(a)First take the reflection of given graph (i) about
the reflection of (ii) graph about x-axis, then we

(i) & (iii)

T~

will be an odd function.
here are two values of y.

2
() f(x) =y = 27 ; f(-x) = 2™ ; Therefore function is an even function.

4 4
(i)f(x) =y =27 ; f(-x) =27 : #f(-x) = -f(-x), so the given function is neither even nor odd.

f(x) = x/(x 1), Therefore f(1/x) = (1/x)/(1/x -1) =1/(1 — X)

and f(1 —x) = (1 — x)/(1-x 1) =(x-1)/x;

f(1/x) = f(1-x) ; /(1 — x) = (x-1)/x;

On simplifying, X* — x+1 = 0;

b? —4ac = (—1)2 —4.1.1=-3<0, therefore roots of this equation will be complex, not real .

m
fO6Y) =X NVX = 1V + 2K +3VX oo +mx =Vx(1+2+3 ....... +m)
n=1
=\x m(m+1)/2 ,

value of m is 99,therefore f(x,y) = Vx 99.100/2 =4950Vx,
similarly, g(x,y) =4950y
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37.

38.

39.

40.

Therefore, f(x, y ) + g( X, y ) = 4950(\x +y)

and f(x,y)g(xy) =24502500 Vxy
o0

f(xy)=x f_lzln =y (V21U +8 ) = }@W2A-112) _ y
0

g(le):Xz]';mzx(1/3+1/9+ ................ )=X1/2
m=:

therefore f(x,y).g(x.y)/2 = X.X"? /2 = x¥/2

(0.9

Line parallel to ; .
S i i e a trapezium ABCD (ref. to fig.)

by, f(t) = at’ + bt+c, where tis time, and a,b,c are constants.
ant term is negligible we can take ¢ = 0; therefore Path will be

According to giv
g(t) = at® + bt+cy, W
For the success of
therefore f(t) = g(t): at®

ion, Path of interceptor will be given by

ptor should hit the missile, for this there path should clash,
bt+c,; — ¢, =0, which is not true, so this test will be a failure.

If all values x, y & z are +ve or —ve, then F & G both will be equal. But when one or two
value(s) are negative and remaining +ve, then value of F will be greater than value of G.This
can be verified by taking random values.

Concepts 4: INEQUALITIES, MAXIMA & MINIMA.

1.

2.

4X-5>x+7 So3x>12 SX >4,

(5-X)(x+3) = 15+2x-x* = «(X-2x+1)+16 = -(x-1)°+16

..The above expression will have the greatest value when the number to be subtracted from 16
is minimum i.e. zero. ..(x- 1) = 0.

. The maximum value of the given expression = 16.
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3. The requirement is that 19x - 2x° - 35 > 0.
i.e. 2x° -19x + 35 < 0.
S(2x-5)(x-7)<0
For L.H.S. to be negative, either 2x-5<0andx-7>00rx-7<0and 2x- 5> 0.
.. X<5/2and x> 7 orx>5/2and x <7, but x<5/2 and x > 7 is not possible.
Hence, 5/2 <x < 7.

4.  Expanding, we get, 2x%-3x-2 >0.
L(2x+1)(x-2)>0.
With similar reasoning as in problem no.3, we get, x> 2 or x < -1/2.

5. SL(x+9)(x-3)>0andalso(4-x)(x+1)>0.
For the first expression to be true, both terms should be either positive or negative.
i.e. either x<-9 or x> 3.
With similar reasoning, for the second expression, -
The expressions will be true only for 3 < x < 4.

6. 2x% + 9x - 35 factorises to(2x-5)(x+7)>0, henc
7. 3%°-20x +17 = (3x-17)(x-1)<0, . 1<x<17/3
8. X+1x-2=x*+1-2x=(x-1)? al x.
0. [X/2]|<2,=>-2<x2<2

10.  x+ 1/x = (¥x - 1X)% + 2.
is 2.

e it's minimum value

11.

12.

The numbers are 6 a

13. Letland b be the length and breadth of the rectangle.
. perimeter P = 2.(1 + b)), which is constant. .. | + b is a constant.
Area = | x b. Since for the given sum of two positive quantities, their product will be
maximum if and only if they are equal. i.e. | = b.
.. the area is maximum when the rectangle is a square.

14.  f(x) = 3x%- 12x + 9 = 0 for max. f (X).
~3(x-3)(x-1)=0
.. The max. valueisatx=3,orx=1.
~f(1)=6,f(3)=2.
Hence the maximum value is 6.

15. f(X)=x°-12x+27 =x*-12x+36-9
= (x - 6)° -- 9. Since (x - 6)*> >0, the minimum value of the expression is - 9.

16. X*-x-240=(x-16)(x+15)<0, hence -15 < x < 16.

Pankaj Gandhi’s Academy/Algebra 86



17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

Let the n™ term = To=X Tns1=(6 + x). But, as n tends to infinity, T, = T, 1. Therefore, x =
J(x + 6). Squaring both the sides, we get x? = 6 + x. Therefore x* - x - 6 = 0. Therefore x = 3 or
x=-2. Only possible answer is x = 3.

(a) From the property that if a, b, c, d all positive and different, then a® b + b? ¢ + c’a > 3abc,
first number is greater.

(b) From the property that if a, b, c, d all positive distinct numbers, then a* + b* + ¢* + d* >
4abcd, first number is greater.

(c) From the propert (n!)2> n", Therefore the first number is greater.

(d) Consider 1001%%° / 1000 = (1001 / 1000)*°® x 1/1001 = (1+1/ 1000)**® x 1/ 1001 < 3 x
1/ 1001 < 1. Because for any positive integer 2 < (1 + 1 / n)" < 3. Therefore 1000 is

greater than 1001%%,

We know the property that if the product a™ b" c?
Therefore (7-x)/5 = (7+x)/4. On solving x = -7/9
expression is (7 + 7/9)° (7 - 7/9)*= 7°x 2*"x 5° / 3*

mum then a/m = b/n=clp = ....
paximum value of the given

For k' to be smallest, by estimation x = -1, y = 0 and 2+ (1)%=2.

Consider the graph of y = x+6 a int of
intersection we get the maximupr

equalities we get 2x > 762, i.e. x >
possible value of x is 382.

b™ is maximum for a/n = b/m. So x/2 = y/3 and x + y = 25. This
ch gives the maximum value as 337500.

If ab is consta is minimum when a = b. So for minimum value of 3x + 4y, we can
write the given co . 4y = 144, which gives 3x = 12 and 4y = 12 as per the condition
stated above. This g imum value as 24.

The cost per unit will be um for x = 10 as per the rule stated in Q. no. 24. So the cost per
unit is 20. Now the profit is no. of units x profit per unit = Z . Y. The given relation makes 4Z +
5Y =120 - 3 x 20 = 60. Solving this in the same manner as previous question, the maximum
profit comes out to be 45.

Let the perimeter of the triangle is x , so the perimeter of the circle is (50 — x). Say the side of
the triangle is a and the radius of the ring is r.

For the triangle For the ring

3a=x 2[Ir =50 - x

—a=x/3 = r=(50-x)/2n
A(T)= (V3/4)a® = x¥ 12 V3 AR) = nr? = (50 — x)? / 4n

Put values of a and r from above.

Say F(X) = A(T) + A(R) =__ x>+ (50-x)?
123 4n
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According to the question F(X) should be minimum, therefore F’(X) should be zero.

F(X)= _2x_ - 2(50-X) =0

123 4n
After solving we get x = __ 1503
(n + 33)
Therefore side of the triangle = 50v3
(n + 3V3)

27. Given that 2r + L = 40, where L = length of arc.
Area of the sector, A = (1/2) r* 0
0=LIr
From above two we have
A=(1/2)rxL
ButL =40 - 2r.
Therefore A =r(20-r)
Using the rule, if A + B = constant then AB is ma
Therefore r =20 —r. orr = 10.
Hence the area of the sector will be 100.

28. d]_ + d2 =40.
Area of the rhombus = (1/2)d,d,
Using the rule, if A + B = const
Therefore, d; = d, ,so that di
Areayax=(1/2)20.20=200ft>

29. Let one of the parallel sid
trapezium.

be the height of the

iS maximu =B.

30.
1x) = 1I%°

ve a positive value, so minima at x = 1.

So the mini he function comes out to be 3.

31. fx)=e*+e™ -x
f(x)=e"-e” -2x=
e*-e* = 1, Butcosx =

2X

cosx=1,s0x=0
f'(x) =e*+e™ -2, putx=0in f’(x),that will give a positive value so minima at x = 0.
And the minimum value of the function is 2.

32.  Say the other two sides are a and b.
Soa+b+6=28.and the semi - perimeter of the triangle is S = 28/2 = 14 cm.
Using the Hero's formula for the area of the triangle
A*=14 (14 - a)(14 - b)(14 - 6)
A*=112(14 - a)(14 - b)
Puta=22-b
A*=112(b - 8)(14 - b)
Using the rule, if A + B = constant then AB is maximum when A = B.
b-8=14-b
So b =11 and therefore a = 11.
hence the area of the triangle = 12\7 cm?
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33.

34.

35.

36.

37.

38.

Let x number of subscribers are there below 600.

Therefore, Profit = (600-x)(400+x)

Using the rule, if A + B = constant then AB is maximum when A = B.

Hence, 600 - x = 400 + x or x = 100.So number of subscribers that will give the maximum profit
will be 500.

f(x) =sin® +cos® = (sin*x)* + (cos’x)® + 3 sin*xcos’x(sin’x + cos’x) - 3 sin*xcos’x(sin*x + cos’X)
= (sin® + cos*x)® - 3 sin®xcos’x = 1 — (12/4)sin*xcos’x = 1 — (¥)sin’2x

Now the maximum and minimum value of the given function depends (sin22x)/4 which lies

between 0 (minimum) and 1/4(maximum). Therefore, the maximum value of f (x) = land

minimum value of f (x) = 1/4

f(x) = x> —5x' +5x° -1

For max. or min. differentiate the given function
f(x) = 5x* - 20x° + 15x% Now f'(x) = 0 for max or mi
Find the second derivative of f(x)

f(x) = 20x° - 60 x* +30x.

put the values of x from the first derivative
when x = 3, f’(x) = 90 or positive so minimum value a
when x = 1, f’(x) = -10 or negative so maximum value

x=0,x=3and x =1.

(@) f(x) = sinx + cosx = V2 (sinx
Now the maximum value mum and sin(x+45°)
maximum is 1. Therefore t
(b) f(x) = sinx cosx = 2 sin

2
Now the maximum value
Therefore the maximum val

d sin2x maximum is 1.

ius and height of the cylinder

of S and r from above relation in V.

to be maximum dV/dr should be zero.
S = 6nar’

egative, so V is maximum at S = 6nr?.

But S = 2nr(r + nr(r + h) that gives 2r = h, hence diameter = height.
Let r be the radius O
Let x be the radius OP @

e and h be the height OV of the cone.
ibed cylinder in the cone.

PL = PA
ov OA

= PL=r—x
h r

= PL = h(r —x)/r

Let S be the curved surface area of the cylinder,
Therefore, S =2r.0P.PL= 2rh(rx—x%)

r
dS/dx = 2zh(r — 2x) = 0 for x = /2.

r
Now S is 0 for x = 0 as well as for x = r and is positive for values of x lying between 0 and r.

Therefore S is greatest for x = r/2.
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39. LetA (3,2) be the position of the soldier and P(x,y) be any point on the curve y = x* + 2, then
AP = \{(x — 3)* + (y — 2)°} = V{(x — 3)* + (x* + 2 — 2)} (Using the equation of the curve)
={x* + x* - 6x + 9}
Let f(x) = AP? = x* + x* — 6x + 9 (distance can’t be negative)
For f(x) to be minimum f(x) = 0
f(x) =4x° + 2x — 6 = 2(x — 1)(2x* + 2x + 3) = 0, S0 we get x = 1.(since 2x* + 2x + 3 is never zero)
f’(x) = 12x* + 2, s0 f’(1) = 12 + 2 = 14 (positive value, so f(x) is minimum at x = 1)
And minimum value of f(x) = 5.
So the minimum value of AP = /5.

40.  f(x) = sin®x + cos’x = (sin? + cos®x )? - 2 sin®xcos®x = (sin®x + cos?x )? — (4/2)sin*xcos’x
= (1 - sin“2x/2).
Now the maximum and the minimum value of the function f(x) depends on the value of sin®2x
and its maximum of it is 1 and minimum value is 0.S aximum and minimum value of the
function f(x) are land1/2 respectively.

Concepts 5: LOGARITHMS.

1.  Wehave 32=2° and V2 =2
. 109432 = 109,32 / log,¥2= 10g,(2)° / log,(2)"?

5l0g,2 / [/5l09,2]
10.

2. %, (log X) - 5(log y) - 2(lo
=log(x)** - log (y)° -log (
=log [ (0)**/ ()*(2)*]
=log [ (Vx)® 1y°Z?]

3. Taking log

g (bc? /a)

4b. log ¢ 27 g 9= log (3)%/log (3)°= 3.log (3)/ 2.log (3)= 3/2
5. log 4 (X° - 3x + 12 = x*-3x+12
X0 -3x-4 = 0. -

Hence, x = 4,o0rx = -
6. log (64a’b™>c® = log 64 +log a’-log b - log c*
= 2log 8+ 2.loga+5.logb-3.logc.

7. a‘ = c.b”
.. X loga = logc+x.loghb
.. X(loga-loghb) = logc
s X log () = logc
.. X =log c/(log a - log b)

8. log V(**/»7) = log \(*/5) =1/2[log 2° - log 3]
log 2 - (1/2) log 3 = 0.06247.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

6° ™ . 4**> = 8. considering log of both sides,

(3 - 4x)log 6 + (x+5)log 4 = log 8

(3-4x)(log 3 +1log 2) + (2x+10)log 2 = 3log 2
(3-4x)(0.77815) + (2x+10)( 0.30103) = 3 (0.30103)
Solving the above, we get, x = (approx.) 1.77

log 0.8 = l0g:08 -l0g1010 = 3l0g12-1 = 0.90309-1 = 0.09691.

L.H.S. =(1/2)log (9 +2.3.2V5+ 20 ) =log [ 3% + 2.3.2V5 + ( 2V5 )21 "2 =log [ ( 3 + 2V5)*]"?
=log (3+2V5)
Comparing with R.H.S., we get, 4x=2v5. .. x=(5)/2

23+ 2y2 - 4xy = 16xy - 4xy = 12xy
L2 (x-y)?=12xy. L 2(x-y)?=12xy.
Taking logs of both sides, we have, log (x -y )?=
s 2log(x-y)=logx+logy+log6
~log (x-y)= 1/2[log x + log y+ log 6] = (1/2) lo

s 2logx+3logy=a,andlogx-logy=b
multiplying the second equation by 3 and adding it to th —a+3b
S logx=(a+3b)/5.

Substituting this value of log x i

We have , from the definiti
This is possible for whole
Accordingly | x/y | = 3/4 or

=+8andy=+6.

~. log a® = log b - log 10,

- loga®=

) log g. Rearranging, we get,
. ogp -2.logq
. x = (log (log p - log q) = [log (p / ¢* )]/ [ log (p/q) ]

/ 6a]=log 27.

log (F+y?) =log x2y° - x@+yP =2y A (1-y?)=-°

b
SoX=a _y
\fl—yb

Taking logs, we have, (5x-12)log 6 + (10 - 4x)log 2 =log 2 + ( 2x -3 )log 3
Also rearranging after expressing log 6 as log 2 + log 3,
(5x-12+10-4x-1)log2=(2x-3-5x+12)log 3.
- log 23 = |og 3** -~ 2% 2%= 3% 3% = 273 27"
s 2827%=2%27°
SoX=3.

loge( 216V6 ) = loge( 6”2) = 7/2.
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22. 10gel6 = 4loge2 =4 /10g,6 =4/ (log,2 +10g,3).
a =10g1,27 = I091233 = 3log1,3 = 3/l0gs12 = 3/( logs3+logz4 ) = 3/(1+ logs4) = 3/( 1 + 2logs2 )
a+2alogs2=30rlogs2=(3-a)/2a
log,3=2a/(3-a),
loggl6 =4/ [(1+2a/(3-a)]=4(3-a)/(3+a).

23. logan / loggn = logyab / logna = (logna + log,b) / logna = 1 + log,b / logh,a = 1 + logab.
24.  Given expression = 7 log(2* / 3x5) + 5log(5% / 3x2%) + 3log(3* / 5x2%)

=7[4log2 - log3 - log5] + 5[ 2log5 - log3 - 3log2 ] + 3[ 4log3 - log5 - 4log2 ]
=log2.

25. a’+b’=7ab, (a+b)?=9ab, [(a+b)/3]*=ab,
Taking logs on both sides, 2 log[ (1/3)(a +b) ] =1lo

Concepts 9: SET THEORY.
1. An(BuC)=5+3=8.

2. We have n(H U F) = n(H) + n(F)
136.

3. have n(A U B) = n(A) + n(
get n(A N B) = 20.

A N B). ON solving we

4. Cricket
We have t students = 28 + 20 + 6 + 16 +14 +20 + 18 = 122. From tt = Venn
diagram, the nts who play Hockey only = (14/132) 100 = 10.61, % of the students
who play footba 132)100 = 45.45, % of the students who play cricket only =
(28/132)100 = 21.

5 EXxpress

Times

Hindu

We have 90 + 15 + x + 55 + 30 + 30 = 240. Therefore x = 20

(1) 125 families buy The Times of India.

(2) 55 families buy The Indian Express only.

(3) 175 families read only one paper.

(4) The Times of India is the most popular as 120 families read it.
(5) Hindu is the least popular as only 80 families read it.

Pankaj Gandhi’s Academy/Algebra 92



SUBUT =400;  SUBUT = S+B+T- ( SBony+ STony+ BTony) - 2.SBT
i.e. SBony*STonytBTony +2.SBT = 144 +135 +156 —400 = 35
The number of members who play at least two games is ‘SB g+ STony+BTony +SBT
Let this number be 3k. Then SBT will be 2K. i.e. SBgy*+SBony*+SBony = K
hence SBony+STony+BTony +2.SBT =k+2.(2k)=5k=35 i.e.k=7
(a)The number of members who play all the three games is SBT = 2k =14
(b) Also BTony=0  SBony+STonytBTony =7 Therefore SBony+STony =7
S = Sony+SBony+STony ¥SBT; Sony = 144 — 7 —14 = 123

IIMA =15

(a) 9 students get calls from IIMA on
(b) 1 student gets a call from IIM
(c) 3 students get calls from
(d) 5 students get calls from
(e) 9 students get calls fro

Hindi = 64

We have 104 -
Hindi. Let n studen
+nN—-20+50-n+n-—
(@) 34 students speak a
(b)8 students speak Hindi only.
(c) 44 +40+50 - (3 x34) =32 speak exactly two languages.

Marathi, 104 — 30 = 74 speak English and 104 — 40 = 64 speak
ree languages. Therefore, from the Venn diagram we get, 66
On solving we get n = 34,

languages.

U = 3000

Washing
882 - x Machine = 1860

' 47 + X

Refrigerator = 1800

TV =1374
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We have 3000 — 1200 = 1800 had refrigerators, 300 — 1140 = 1860 had washing machines
and 3000 — 1626 = 1374 had T.V. sets. Let x households have all three appliances. Then, we
have, 188 + (132 + x) + (882 — x) + (147 + x) = 3000. On solving the equation, we get, x = 39.
(&) 186 had washing machines only.

(b) 648 had refrigerators only.

(c) 882+ 360 +831-2(39) =1995 had more than one appliance.

10.
U =400
Toast = 300
(a) 400 — (8 +20 + 84 er toast nor cereal nor
eggs for breakfast.
(b) 32 +128 + 68 =228 : preakfast.
(c) 20 +44 +128 =192 3 S
QUESTIONS

\'(43) + (7 -notM, not C)
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11.

12.

13.

14.

15.

(2 - 5) YEARS:

DEGREE (52) + (0 - not M, not C) DIPLOMA (155) + (0 - not M, not C)
M C M C
>5 YEARS:

DEGREE (72) + (6 - not M, not C) 20 - not M, not C)

Out of the 150 employees ications in Computers
only. This forms 26.66% o

From the Venn diagram, it : plo i a Mechanical background
nor a Comp

total additional expenses associated with the bonus scheme are
Rs. 7,27,000

It is clear from
qualifications other

iagram that the (2 - 5) group does not have employees with
nical or Computers or both.

In the (> 5) group, the n
employees with a Compute

of employees with a Mechanical diploma only is 129 and that of
diploma only is 56. Therefore, the required ratio is 129:56.

QUESTIONS 16 - 20:

(25- 35) YEARS:

PMIR (420) + (130 - not A, not H) SS (330) + (20 - not A, not H)

A H A H
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16.

17.

18.

19.

20.

> 35 YEARS:

PMIR (280) + (120 - not A, not H) SS (170) + (30 - not A, not H)

A H A H

ed in Administration but not in HRD is
p is 900. Therefore, the required

The number of people in the age group 25 - 35, empla
340 and the total number of employees in that ag
percentage is 37.77%.

The number of Social Studies graduates in HRD bt
number of employees in the organisation is 2250. The entage is 8.44%.

The total number of employees in HRD but not in Admi
35, 200 people are employed in
shift to the >35 age group. Th
but not in Administration is

Out of the 900 people in t
employees in the > 35 a
employees in the organisal

employed in
> 35 age e number of people employed in
m, it is clear that the number of

ed percentage is 53%.

1.&® 0 1 ® 0 1
11 0= (11011), 1 0
3 0 2 0| . (35)=(100011),
6 1 4 0
13 1 8 1
2|27 17 1y
235
(c) 0 1
10
2 0| - (69)p=(1000101),
4 0
8 1
17 0
34 1Y
2|69
2.(a) 0 C | (197)10=(C5)1s (b) 0 3
12 5 3 Bl 2 (1956 )10 = (3BC )16
16 | 197 59 C
16 | 956
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(c) 0 2
2 4 l S (577 )10=(241 )16
36 1
16 | 577
3. (@) (1001101 ), = 1x2° + 0x2° + Ox2* + 1x2° + 1x2° + Ox2" + 1x2°
= (77 )
(b) (11110), = 1x2* + 1x2® + 1x2% + 1x2" + 0x2°
= (30 )10
(©) (110001), = 1x2° + 1x2* + 0x2® + 0x2% + Ox2* + 1x2°
= (49 )10

4. (@) (9C) = 9x16 + 12x16° since C in hexadecim

= (156)
(b) (F6 )16 = 15x16" + 6x16
= (246) . ) 0
(c) (1A3C)i;s = 1x16”° + 10x16” + 3x16™ + 12x16
= (6716 )19
5. Since, four is one of the charac number, t must

be > 5. Assume that the ba 5% + (0 x

2542. So, by estimation, wi

9. 8 +(1 x 2%) +(1 x 2% +(1 x 2°) = 205. In the number system with
412.
10. Let the base o system be N. (7917 - 6233) = 1684 = (4 x N + (4 x N') + (4 x N%),

giving N = 20. The

pal (FE3 - 7AA) = (4067 - 1962),, = 2105. In the number system
with base 20, 2105 w {

as 555.

Concepts 8: PROGRESS

1. ltisan A.P.witha=2,d=3
Using the formula S, = n/2[2a+(n-1)d] = 950
i.e.n/2[4+(n-1)x3] = 950.
3n’+n = 1900. = (3n+76) (n-25) = 0. = n = 25.

2. Itisan A.P. witha =3/4,d =-1/12
Using the formula for S, we get,
So = (9/2)[2(3/4)+(9-1)(-1/12)] =15/4.

3. 1Mterm=4(1)+1=52" term=4(2) +1=9, 3% term=4(3) + 1 = 13

Iltisan A.P.witha=5,d=4 .. Using the formula for S, ,
Si5=15 {2(5)+(15-1)4} .. S5 =495,
2
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4, For natural numbers, First term = 1, Common difference = 1. Using the formula for S,
Sh=(n/2){2(1)+(n-1)(1)}, L Sy=[n(n+1)]/2

5. Let the three numbersbea-d,a,a+d
~a-d+at+ta+d=27=a=3..(9-d)(9) (9 +d)=>504.
Solving for d, we have, 729 - 9d° = 504.
nd>=25 - d=+5.
.. The numbers are 4,9, 14 or 14,9, 4

6. a=29,d=3,S,=306 Using the formula for S,
306=n/2{2(9)+(n-1)(3)} . 612 =3n°+ 15n
n?+5n-204 = 0. ~(n+17)(n-12)=0.

Discarding the negative value for n, we have, n = 12.

7. a =1/3, r = 3/2. Using formula for S, for a Geometric
S;={U3 [ (32)" -1]}/(3/2 - 1) =2059

8 Let the numbers be a/r, a, ar
~(alr)a(ar)=a’=1728 > a=12 . 12/r+12 +

.. Solving the above equation as a quadratic, we get =2/3,orr=

3/2.
.~.The numbers are 18, 12, 8.( bot ers )
9. Let the first term = a, numbe
a.3" =486 .. 3"3
Also, the sum of n t
Substituting the va
a.[ 1458/a-1]=1
La=2.

10. Proceeding ) .ro= rms are considered.

11. , a, a.r, with r as the common ratio.
=216 ie.a’=216... a=6.
5.r = 19. L Brr-13r+6=0

sr=32orr=
The numbers are 4

12. Since 46 is fifth term of a vhose first term is 18;
46=18+(5-1)d =7.
s.a=18+7=25,b=32and c=39.

13. Let the number of terms be n, difference = d
155 =(n/2)[a+1]1=n/2 (29 + 2) = n = 10.
Alsol=a+(n-1)d=29=2+d(n-1).
5. 9d=27=d=3.

14. Ifaisthe firstterm, S;s=600 = (15/2) [ 2.a+(15-1)(5)]
- 2.a=10. s.a=5.

15. Given series becomes 5, 7, 9, 11, ..., 33. Whichis an A.P. witha =5, and | = 33
- S5 =(n/2) (a+1) =(15/2) ( 5+ 33) =285
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16.

17.

18.

19.

20.

21.

22.

If Rs.a is the first installment and the common difference is Rs. d,

sum of all installments = S40 = (40/2)[2.a+ (40 - 1) d ] = total debt = 3600.
- 2a+39d =180...(1)

Also, S30=(30/2)[2.a+(30-1)d]=2/3 of the total debt = 2400.

s 2.a+29d =160...(2)

Subtracting (2) from (1), we get, 10d =20. .. d=2.

.. a=Rs. 51.

If the numbersarea-d, a,anda+d, theirsum=3.a=24. .. a=8
.. the numbers are 8 - d, 8, 8 +d.

..The numbers 8 -d -2, 8 - 4, and 8 +d - 4 form a GP.

.. The middle number is the geometric mean.

L (4)Y=(6-d)(4+d)

nd?-2d-8=0 .. (d-4)(d+2)=0

. d=4,ord=-2.

.. the numbers are 4, 8, and 12, or 10, 8, and 6.

If a;1, a12, a3 are the middle terms, and a,q, ay,, axs a
ap+taptaz=a+l10d+a+1ld+a+12d=144
.. 3a+33d=144 . a+11d=48.

Also, ay1 +axp +az=a+20d+a
-, a+ 21d = 88. Subtracting t
10d=40. ..d=4.anda=
The 16thterm =4 + (16 -

from this,

Since the first and the fou
Since the first three are in
.. 36=18.a

+b...(2), and c® = 18b... (3)

a-1) =27.

Corresponding
Correspondingly;
Thus the required
The second triplet is |

=32.
e 5,8,12 or 17, 32,-24.
because a, b and ¢ must be between 2 and 18.

Let the two sets be a;-d; ,'a;, a; + di; and a, - dy, a, , ax + ds.
sa;-dy+a;+a;+d; =15 and a-d,+a,+a,+d, =15
Soap = 5= ap.
Also, dz +1= d]_, and ( ap - dl ) a]_.( a; + dl ) / ( ap - d2 ) az.( a, + dz ): 7/8
S (25-d1%)/(25-d2%) = [25-(d2+1)2]/(25-d.A)=7/8
Expanding the above equation, we get : d,* +16d, - 17 = 0... (dy+17)(d,-1)=0.
s.dy=-17,0rd,=1, i.e.d;=-16 ord; = 2.
Thus we have two possible cases : ( 1). The numbers are 21, 5, -11 and 22, 5, -12.
(2). The numbers are 3,5, 7 and 4, 5, 6.

Let a and d be the first term and the common difference respectively.
o Sp=(pl2)[2a+(p-1)d]=Sq=(a/2)[2a+(q-1)d]

s 2pa+pd(p-1)=2ga+qd(g-1)

Rearranging, we get, 2a (p-q) + (p*-q*).d-(p-q).d=0
Assumingp=q,2a+(p+q).d-d=0.

. 2a+(p+g-1)d=0.
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Also, Spiq=[(p+q)2][ 2a+(p+q-1).d]
= 0, from the above equation.

23. Let D and d be the two common differences.
S Az=b=a+2D=b=as=a+4d .. D=2d.
L Arsi=a+nD=a+2nd and as,+1=a+2n.d
S[Ansallagne1= L

24. Letthe numbers be (a/r,a,ar)... (afr)+a+ar=70
. the numbers ( 4alr, 5a, 4ar ) are in AP... 2 (5a) = 4alr + 4ar
L2 -5r+2=0. ~(2r-1)(r-2)=0.
Lr=(12)orr=2
Substituting the above in the first equation, we
The numbers are 10, 20, 40. ( The same res

byr=1/2)

ommon ratio.
first term and r

25. Let the numbers be a, ar, ar, ar’....., with a as the
The numbers ar, ar?, ar®, . . . are also infinite ter
being the common ratio.

The sum of the above GP—(ar)/(l-r)

Each term is thrice the sum of all t
~a=3.ar/(d1-r)
Also, sum of first two

26. Sincea, b,carein AP.,
RHS =4(b’-ac) = 4{[(

27. loga + log(a® /b)+|og €N

= (loga + 2Io 5 . (n-1) logb)

28.

+.99+.999 +...nterms]

1-1/10) +(1-1/100) + (1 - 1/1000) + ........... ]
(L+1+1+...ntimes)-(1/10 + 1/10° + 1/10° + . . . +1/10" ]
9 [n - (1/10). (1 - (1/10") /(1 - 1/10)]

=(7n g - 1/10"].

too=1/1-ab
1-b), b=(y-1)17y,
[(x+y-1).

29. S=1+ab+a’’+a
x=1/(1-a),a=(x-1)
S=1/[1-(x-1)(y-1)/

30. 1(4"-1)/(4-1)=341,4"-1=1023 =>4"=1024=4x256=4° - n=5.

31. Let the harmonic progression be represented by 1/a, 1/(a+d), 1/(a+2d),...... We have (n+1)th
term as 1/(a+nd) and (3n+1)th term as 1/(a+3nd). It is given that 1/(a+nd) = 2x1/(a+3nd). On
solving we get a = nd. Therefore the (n+1)th term = 1/(a+nd) = 1/(a+a) = ¥ (1/a). Therefore,
the ratio of the first term and the (n + 1)th termis 2.

32. Let the harmonic progression be represented by 1/a, 1/(a+d), 1/(a+2d),....... Therefore we
have a+(a+d)+(a+2d)+...... +(a+6d) = (7/2) [(@)+(a+6d)] = 7(a+3d) = 70,i.e. a+3d = 10. Now
the fourth term of the H.P. is 1/(a+3d) = 1/10.

33. Let the harmonic progression be 1/a, 1/(a+d), 1/(a+2d), ---. Now we have mth term = 1/[a+(m-1)d] = n
and nth term = 1/[a+(n-1)d] = m. On solving these two equations we get a = d = 1/(mn). Therefore
(m+n)th term is 1/[a+(m+n-1)d] = mn/m+n.
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34.

35.

Given series is in H.P. Therefore we have (n+1) term = 1/(n+mn) = (1/n) (1+m).

n+1 n+1 n+1 n+2 n+1

We have (xX™ + y"™M)/(xX"+y") = 2xy/(x + y). Therefore x™? +yx™ + xy™* + y"™? = 2x™ly +
2xy™ S0, x™2 + y™? = x™y + xy™. On solving X" (x - y) - y"(x - y) = 0. Therefore (x -
y)(X™ -y = 0. Therefore, n = -1.

Concepts 9: SERIES.

1.

10.

0, 2,12, 36, 80,
The term follows this rule i.e n (n -1)2 hence the next term will be 150.

1,3,7,13,21,31,?
The series follows the rule of n? - (n - 1) hence the next term will be 43.

3,7,15, 31, 63,.
In this series, each term is equal to one more tha

19, 119, 1119, 11119,
This is too easy and the answer is 111119.

7,19, 37, 61, 91,
The law followed here is (n +

Alternate method: The diff
7,7+12,19+18, 37+24, 61+30, 91+36..........

1,3,7,13,21,31
Here again asdi
Alternate m

the ans is 31 + 12 = 43.

e number so the next term must be 31.

1!, 21, 720!
This is an intere
terms but as soon z
as 3!. So the whole s
1!, Then factorial of fa
next term will be factorial 0

e see factorial signs nothing can be interpretted from first two
nis seen we can say 720 is nothing but 6! Again 6 can be written
e considered as

e third term which is factorial of factorial of factorial 3, so the
orial of factorial of factorial 4.

1, 6, 15, 20, 15, 6,
This nothing but the series of the coefficients of binomial expansion with the power 6, so the next term
will be 1.

Concepts 10: PERMUTATIONS AND COMBINATIONS.

1.

The first person can take a seat in 6 ways, the second person in 5, the third in 4, and the fourth
in 3 ways. .. no. of ways in which four can take their places =6 x 5 x 4 x 3 = 360.
Alternatively, we can solve directly as the no of ways = ®p, = 360.

The Thousand’s place can be filled in 6 ways, Hundred’s place can be filled in 5 ways, Ten’s
place can be filled in 4 ways, Unit’s place can be filled in 3 ways. Number of ways of making 4
digit numbers = 6 x 5 x 4 x 3 = 360. Alternatively, °P, = 360. Numbers greater than
4000 : Thousand’s place can be filled in 4 ways (4,5,6,7), Hundred’s place can be filled in 5
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ways (remaining three digits and 2,3), Ten’s place can be filled in 4 ways and Unit's place can
be filled in 3 ways. Total number of ways =4 x5 x4 x 3 =240

3. *Bl* B2 * B3 * B4 * B5 * Five boys can be seated in 5! ways. The girls can occupy any of the
places marked *. Thus the girls can be seated in ®p, =360 ways.
.. total number of ways = 5! x 360 = 43200.

4, (F1, F2, F3), (S1, S2), (T1).
The first year students can be arranged among themselves in 3! ways, second year in 2! ways
and the third year student can stand in one way.
For each arrangement of the students in their respective groups, the three groups can be
arranged in 3! ways.
.. Number of ways of arrangement = 3! x 2! x 1 x 3! = 72 ways.

5. This is equal to arranging 5 persons at a time by ¢
. no of ways = %P5 = 6720.

6. RHS.= 37 _3 70 7 -
5 ' 573141 215! °
Now, comparing with "C, +"C,.; =""*C, we getr =5,

andn+1=7=n=6..."C,=°C

7. n!'/[(n-12)121] = nl/ |

- 2c, = 20! = 1140,
(20-17)! 17!

5 BCh= 221/[(22-20)!

8. (@) one book is alwe i ooks can be chosen out of the

de from the remaining 11 .. no.

9. gs out of 14. = **C,, = 364.
10. 11 ways, Vice captain can be chosen in 10 ways
Required 10 =110.
11. (a) The hundred be filled in 5 ways ( 0 cannot come in the first place ), the ten’s in

5 ways, and the o
(b) The hundred'’s pl
.. no of ways = 180.

. .. no.of ways =5 x5 x4 =100.
the ten’s in 6 ways, and the one’s in 6 ways.

12. 4 tegchers to be assigned to 4 classes out of 6. i.e. arrangement of 4 things out of 6 things
i.e. P, =360.

13. Each of the six digits can be allotted in 9 ways. .. total number of ways = 9° = 531441

14. A straight line can be drawn through 2 given points, in this case 8C, = 28 lines can be drawn.
Out of these the points selected from the bunch of 4 collinear points will give only one line i.e.
C, = 6 lines are not distinct and must be counted as only one line. .. number of lines =28 - 6
+1=23.

15. The required numbered of selections is the number of ways of selecting one or more objects
from n different objects = 2" - 1.
In this case, no. of selections = 2° - 1 = 31.
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16.

17.

18. ..

19.

20.

21.

22.

23.

24.

25.

Since all one rupee coins are identical, 1, 2, 3, 4, or 5 coins of one rupee can be selected in
only one way each. .. different number of ways of selecting one rupee coins = 5, Similarly 50
Ps. and 25 Ps. coins can be selected in 4 and 3 different ways respectively.

.. Total number of ways =5 x 4 x 3 = 60.

Odd digitsare 1, 1, 3,3 &evenare 2,2, 4

The even digits are arranged with a gap in between _2 2 4 This arrangement of the even
digits can be done ( considering that 2 is repeated ) in (3!)/(2!) =3 ways. Odd digits can
be arranged in odd places i.e. the blanks ( 3 and 1 are repeated ) in (4!) /(2! 2!') = 6 ways.

.. total number of ways =3 x6 =18

100/ [(20-r-2)'] 110 /[(212-r)] :: 30:11
(11-r)/[11(9-r)] = 30/11
5 (10-r)(21-r)=30,since (11-r)! =(9-nN! (10 -
- 110 - 21r + r* = 30.
S (16-r)(5-r)=0 s.r=16orr=5,
But r cannot exceed 9 as *°P,., is defined.

2 men can be chosen out of 8 in 8C2 = 28 ways.
The wives of these two cannot play. ..two ladies have
ways. If G1, G,, Ly, L, are the ge ies selected e. Gy
L1 Vs G,Ls or G1L, Vs G,y in
... total number of matches =

He may vote for 1, 2, 3, or
- hecanvotein7+'C,

The two vowels can be arr .
The 17 conson i ays, since the same consonant
can appear

Alternate methot
Four non-mathema
ways and two mathe
number of ways. So, the

an be arranged in the places of dashes(_ _ _ ) in 4! number of
can be arranged in the places of the asterick ( * * *) in °P,
ber of ways = 4!. °P, = 480

(20 [(2n-3)131]:nt/[(n-2)! 21]:: 44 : 3. . (2n-2)(2n-1)2n/ [(n-1) nx 3] = 44/3
SL2n-1=11 L. n=6.

The number of ways is same as the number of ways in which m+n+p things can be divided into
three groups containing m, n, and p respectively, which is, ( m+n+p)!/[m! n! p!]

.. the required number of different allotments = 45 ! / [(10)!(15)!(20)! ]. Further these three
different groups can be allotted to 3 different districts in 3! Ways.

Hence the answer is 3!(45 ! / [(10)!(15)!(20)! ])

5281/[(28-2r)N 21 241 /[(24-2r+4)!(2r-4)]:: 225 : 11

o 25X26 x27 x28/[(2r-3)(2r-2)(2r-1)(2r) ] = 225/ 11

After this point, you should try to get the answer by substituting the various alternatives
provided, since trying to solve a 4-degree equation in r will lead to a waste of valuable time.
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26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Each of the n things can be given to any of the p persons, i.e. it can be given in p ways.
Each of the remaining n-1 things can also be given out in p ways each.
. Required number of ways =pxp xp ... n times = p"

Total number of different attempts = 15 x 15 x 15 = 3375.
.. Only one attempt of the above is successful.
.. maximum number of unsuccessful attempts = 3374.

For every constant value of a variable, there are 4 constant values of each of the other 4
variables. Also the positions of the variables in the arrangement can be changed in 5! ways.
.. The total number of possible codes =4 x4 x4 x4 x4 x 51.= 1024 x 5!.

.. Every individual shakes hands with 14 other individuals.
We have, in all, 15 individuals.

.. number of handshakes = 14 x 15 = 210.

But the above number includes handshakes cou
B, and B shaking hands with A.

.. Actual number of handshakes = 210/2 = 105.

es of A shaking hands with

Alternate method: For a handshake, two people are re e can be
selected in *°C, ways, which come

Soft-drinks can be chosen i sin2?-1
ways. .. Required number

Consider the chairman an i i . ad of 15 members to
be arranged, we now hav around a round table
in 13! ways. Also, the chair d in 2! ways. .., the total
number of w i 3.

ays. 5 girls can then occupy any of the places denoted by *.
uch places which can be filled in ®py ways.

three, four or five of his friends at a time and arrange them
accordingly. So, umber of ways is (°Cix0!) + (°Cox1!) + (°C3x2!) + (°C,x3!) +

(°Csx4!)=5+10+20+3

Case 1: 4 batsmen, 6 bo wicket-keeper.

The number of ways is 8C4x 6x2C1 =140.

Case 2: 5 batsmen, 5 bowlers, 1 wicket-keeper.

The number of ways is ®Csx®Cs X?Cy= 672.

Case 3: 6 batsmen, 4 bowlers, 1 wicket-keeper.

The number of ways is 2Cex®C4 X°C, =840.

.., the total number of ways is 140+672+840 = 1652.

10 people can be arranged in 10! Ways. Let us find the number of ways of arrangements
where no 2 girls sit together. 5 boys can be arranged in 5! Ways. 5 girls can then occupy any
of the places denoted by *. *B*B*B*B*B* there are 6 such places which can be filled in °py
ways.

Therefore the number of ways of arrangement where no 2 girls sit together is 51x°Ps = 5Ix6!.
Hence the answer is 10!-(5!x6!)

The required number of ways is (33!) / (3! x 11! x 11! x 11!).

Pankaj Gandhi’s Academy/Algebra 104



37.

38.

39.

40.

41.

42.

43.

44.

45.

Thereare 2 C’s,20’s,2R’s,3E’s,2N’s, 1S, 1P and 1 D. the total number of consonants is
9 and the total number of vowels is 5. Five vowels and a group of consonants can be arranged
in (6') / (3! x 2!) Ways. The 9 consonants can be arranged among themselves in (9!) / (2! x 2! x
2!) ways.
Therefore, the total required number of waysis __ 6! X 9! .

(3'x2) (2'x2'x2h

Numbers less than 10,000 can be single digit, two, three or four digit numbers. There are two
single digit numbers — 4 and 8.

2-digit numbers: For these numbers to be even, their units digit will have to be either 4 or 8.
The tens digit of these numbers can be chosen from among four digits in four ways. So, there
are 2 x 4 = 8 such numbers.

3-digit numbers: For these numbers to be even, their units digit will have to be either 4 or 8.
The tens digit of these numbers can be chosen fromwamong four digits in four ways. The
hundreds digit of these numbers can be chosen from amongyfour digits in four ways. So, there
are 2 x4 x 4 = 32 such numbers.

4-digit numbers: For these numbers to be even, their units digit will'have to be either 4 or 8.
The tens digit of these numbers can be chosen from among four digits,in four ways. The
hundreds and the thousands digits of these humbers '¢can be ehosen from among, four numbers
in four different ways each. So, there are 2 x 4 x 4 x 4 =128 such numbers.

Therefore, there are (2 + 8 + 32 + 128).= 170 numbers.

5 boys can be arranged in 5! Ways. 3 girls can then occupy‘any of the places denoted by *.
*B*B*B*B*B* there are 6 such places which can be filled in °P3 ways.
Hence the answer is 5!x°P4=14400,

For the number to be an even number, thefunits digit must, be 4% The tens and the hundreds
digits can be chosen from among three digits in 3 ways each.»So, there are 3 x 3 x 1 = 9 such
numbers.

We requiré that the particular person is found in every group of six people from out of a total of
ten. Asdthis person is common to all groups of six; we will have to consider the number of ways
of choosing the remaining five\persons from out of the other nine. This can be done in °Cs ways
=126 ways.

Since we require at' least one lady on the committee, we could have one, two, three or four
ladies on the committee. A committee of 5 from among 10 people can be chosen in ¢, ways =
252 ways. These ways include committees where there are no ladies. A committee with no
ladies on it will'have five men from among six, i.e. °Cs ways = 6 ways. So, the required number
of ways is 252 — 6'= 246.

4 men can be chosen from among 6 in °C, ways and 3 women from among 4 can be chosen in
‘Cs ways, i.e. 60 ways. If\the two women, W1 and W2 are on the same committee, then the
third woman can be chosenin 2 ways. In this case, the number of ways will be 6C4 x 2 =30
ways. Therefore, the number of ways of forming the committee if W1 and W2 are never on the
same committee is 60 — 30 = 30.

There are 2 U’s,1S,1R,1P,1E,2As,3Ns,1T,11and10. There are 7 vowels. The
number of ways | which this group and 7 consonants can be arranged is (8! x 7!) / (3! x 2! x 2!).
If the vowels form one group and the same letters are always together, the number of ways of
arranging them is (6! x 5!). Therefore, the total required number of ways is (8! x 7!) / (3! x 2! x
21) - (6! x 5Y).

If the captain and the vice-captain are always included, the number of ways is °Cc, x 6!. But,
these photographs can be taken by the photographers in 4 different ways. So, the required
number of ways is °C, x 6! X 4.

If the captain and the vice-captain are never included, the number of ways is °Ps But, these
photographs can be taken by the photographers in 4 different ways. So, the required number of
ways is °Pg X 4.
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46.

47.

48.

49.

50.

51.

52.

53.

54.

55.

56.

57.

58.

59.

Since we are taking letters three at a time, the total number of three letter words is 6 x 5 x 4 =
120. The number of words not containing A and E is 4 x 3 x 2 = 24. Therefore, the required
number of words is 96.

Since we require that there is exactly one 3, this digit could occupy any of the five places. If the
number does not start with 3, then the first digit must necessarily be a digit other than 3 and 0.
In such a case, the first digit can be chosen in eight ways and the remaining digits can be
chosen in 9 ways each. The numbers will be of the following forms: 3XXXX, X3XXX, XX3XX,
XXX3X, XXXX3. Correspondingly, the total number of ways is (9%) +(4 x 8 x 93) = 29889.

By the fundamental principle of multiplication total number of types is equal to 10x6x4x4 = 960.

(a)First card i.e an Ace can be drawn in 4 ways. Seconthcard i.e. not a queen can be drawn in
51 - 4i.e. 47 ways. Therefore the total number of ways is equal to 4x47 i.e. 188 ways.

(b)Casel. Let the first card be Spade queen. Therefore the total number of ways = 1x48 = 48.
Case2. Let the first card is a spade card but not the 'queen. T'herefore the toetal number of ways
= 12x47 = 564. Therefore the answer is 48+564 = 612,

Out of the 36 possible outcomes, 12 outcomes will yield a score, divisible by 3, i.e. a score of
either 3, 6, 9 or 12. The 12 outcomes will be various arrangements\of (1, 2), (2,4), (3, 3), (3, 6),
(4, 5), (5,1), and (6, 6).

The first and the last letters can be filled in five ways each. The remaining letters can be filled
in 26 ways each. Therefore the total number of ways in which a‘four letter word can be formed
is 5x26x26x5 = 16900.

We require that the 1% and the 5™ numbers are the same and the 2" and the 4™ numbers are
the same. Iftie 1 and the 2" numbers,are chosen, the 5" and the 4™ numbers will also have
been chosén. As the 1°' humber cannot be,0, it cane chosen in 9 ways. The 2" and the 3"
number§ can be chosen in'10 ways each. Thérefore, the total number of ways is (9 x 107 =
900,

When a pair of dice is rolled twice, it effectively amounts to rolling 4 dice at the same time. The
six numbers on thedfaces of the dice can now each be repeated 4 times. Therefore, the total
number of outcomes is 6.

Each letter in the licence plate can be chosen in 26 ways. So the total number of ways is 26°.
As we are considering a licence plate number,the number could start with a 0. Each of the
numbers in the licence plate can thus be chosen in 10 ways. So, the total number of ways is
10°. These two blocks ‘can now be arranged in two diferent ways. Therefore, the total required
number of ways is (2 x 26%x 10°).

The four letters, A, B, C and D can be repeated 5 times each. So, there are 4° such words.
Consider the arrangement BAD--. The letters A, B, C and D can be repeated |n anz/ of these
two places, i.e. in 4° ways. Therefore, the required number of ways is 4° = 1008.

Total number of ways = *C,x*C;x°C, = 180.
% = 101/(10 - r)! = 604800. *°C, = 10!/[r!(10 - r)!] = 120. So, 604800/r! = 120. Therefore, r = 7.

Take the first key. To get the maximum number of trials one has to check with seven locks
giving all negative results.So we can conclude that this key belongs to eighth lock. Thus there
are 7 trials . Similarly second key requires 6 trials, third key requires 5 trials and so on. Also

the last key and the last lock remaining don’t require any trial. So the maximum number of trials
required in order to determine which key belongs to which lock, isequalto 7+6 +5+4+3+ 2 + 1 = 28.

There are 2°C14 ways the clerks can be appointed. Since each clerk gets equal opportunities, a particular
clerk may be selected in °C13 ways.
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60. We have [**'Cy+ Z'Cp+............ +20C, 1+ [P Chr + P Crin +2MCo0 ] = 2% - 1

Therefore by using the property, "C, = "C,, we have [**'C, + **°C, +......... +2c] +
P C A M Chq +24C+ 2] = 221 - 1, Therefore 2 [**'Ci+%*?Co+.nn...... +24c ] =
2% 2 Therefore [**'Cy+ *%Cy +...coo.... +2*1C,] = 2% - 1 = 63. On solving we get x = 3

Concepts 11: BINOMIAL THEOREM.

1. {a + ( a.2 _ 1)1/2}7 + {a _ ( a2 _ 1)1/2}7
Whenever we have expansion in the form (x + y )" + (x - y )" then twice of odd terms will be
there in the expansion. 2 (X" + "C, x™2y?* + "C, x™y* + "Ce x"%y° ........... ). By using this
formula we have the answer as
2@’ +'C,a’(a?-1)'+'cya’(a’- 1)°+ 'Cgat(a- 1

2. (¢ + 1/ x%* we can re write this expression as {
is x'%%°C, (1/ x°)" Now the term has to be free of
So 9r = 108, so by solving thisr =12. Hence the te

term of the given expansion
=1

3. The coefficient of x* in the expression is going to be ze

4.  (ax* - bx)® we have to find the ¢
no. 2 we have (r + 1)" =x
have 36 — 3r = 18 and o
coefficient is °Cg a° b®

the seventh term is

5.  (x+ 1/x)" we should have
"C, X"?. Now the index
value of p coefficient come

p XP(1X) P
r/2. Substituting the

The v i + V2%, substituting the value as x

7). (T r+)
On subs , y and x, we get

62 > 5r, the inte
So 13" term is the

omes out to be 12

(. (2a + b)* which can be s(2a)"*(1+b/2a)*
Applying the same formula as above we have
(15-r/r.(b/2a) > 1 substituting the value of a and b in this and solving we have r = 8
So the 9" term will be the greatest.

(my @6 -=r)/r.(2x/ 3) > 1 substituting the value of x = 3/ 2 we get 16 > 2r which gives r as an
integer value as 8, this means 8" and 9" are equal and both are the greatest term in the
expansion.

8. As the index is 2n, there will be 2n + 1 terms and the middle term will be (n + 1)th term, for
which the coefficient will be given as *"C,= 2n!/(n!.nN......... (2)

2n!=2n(2n-1)(2n-2)(2n-3)(2n—-4) (2n=5)............ 4.3.2.1
={(2n=-1)(2n-3)(2n-5)(2n-7).53.1}. {2n(2n-2) (2n —4)......... 6.4.2}
=(2n-1)(2n-3)(2n-5)(2n-7).53.1.n(n=1)(n-=3)(n-=5)...... 3.2.1.2"

Substituting the value of 2n !'in (1)
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We get coefficientas (2n-1)(2n-3)(2n-5)(2n-7).5.3.1.2"/n!

9. If we consider the R.H.S which is n (2"_1), which can be writtenasn (1 + 1 )”'1
N(1+"Ci+"Co+ "Cat oo, )
n(l1+(n-1)+(n-1)(n-2)/2+(n-1)(n-2)(n-3)/3.2.1 ..cccceeevrcunnnns )

Now, solving the L.H.S we get same result as above . Hence proved.

10. (x+y)", T,="Cix"'y=240, T;="C, x"?y?, T,="Csx™*y*=1080
TalT,="Cy X2 g/z /"Cy X"y =720/240 ... (1)
T4l Ta="Cax"y?/"C, X2 y? = 1080/ 720............. 2)
Dividing equation (1) by (2) we get (n =1) / (n —2) = 4/3
We get n = 5 substituting n = 5 and solving the above two equations we get x =2 andy = 3 as
answers.

Concepts 12: PROBABILITY.

1. Total number of outcomes = 6% = 216
Total number of favorable outcomes (6,6,6), (6,6,5),
.. probability = 7/216

6,6), (4,6,6) =7

2. Total number of outcomes = 62 =
(a) favorable outcomes : 1+4,
(b) favorable outcomes : 1+ e =5/

3. Total number of outcomes
Number of favorable outc
Probability = 6/16 =3/8

), (THHT) =6

4, A will get all b

= 34/55.

raws in °C, = 28 ways.
5. umber of ways in which the letters can be placed = 7!/2!

Number of wa
Probability = 6!

he vowels are together = 2 x 6!/2! = 6!

6. Total number of outco
Number of favorable o
.. probability = 84/455 = 12

7. Total no. of outcomes = 6° = 36.
(a) The perfect squares that can occur are 4 and 9.
To achieve this, the following cases are probable : 1+3, 3+1, 2+2, 3+6, 6+3, 5+4, 4+5,
i.e. 7 outcomes. .. required prob. = 7/36.
(b) multiples of 3 that can occur are 3, 6, 9, and 12, which can occurin2 +5+ 4 + 1 =12 ways
required probability = 12 / 36 = 1/3.

8. Required probability = First shows 6 and second does not or Second shows 6 and first does
not = (1/6) x (5/6) + (5/6) x (1/6) = 2 (5/36) = 5/18.

9. Total number of outcomes = 902 = 36.
(a) Number of favorable outcomes = (3C,)(°C,) = 6. .. prob. = 6/36 = 1/6.
(b) Probability that a white ball is chosen = [*C, + °C, °C4]/°C, = 21/36
Probability that no white ball is chosen = 1 - 21/36 = 15/36 = 5/12

(c) Number of favorable outcomes = (*C; °C;) =20 .. prob. = 20/36 = 5/9
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

Total number of possible outcomes = **C, = 220

Number of ways of selecting three defective bulbs from 6 defective bulbs = °C;= 20
Probability that the room is not lighted = 20/220 = 1/11

Probability that the room is lighted = 1 - 1/11 = 10/11

If ‘p’ is the probability of A winning the game and ‘q’ is the probability of B winning the game,
then,p=3/4q=14 n=5,r=3
P()="C,p q""" =°C5(3/4)% (1/4)*=135/512

Number of days in a leap year =366 =52 x 7 + 2 i.e. 52 weeks & 2 extra days

These extra days may be (Monday, Tuesday), (Tuesday, Wednesday), (Wednesday,
Thursday), (Thursday, Friday), (Friday, Saturday), (Saturday, Sunday), (Sunday, Monday)
Number of possible cases =7

Number of favorable cases for an extra Sunday =
.. required probability = 2/7.

Probability of selecting a teacher = P(T) = 15/50 = 3
Probability of selecting a woman = P(W) = 20/50 = 2/-
Probability of selecting a Hindi knowing candidate = P(
Required Probability = P(T)P(W)P

The probabilities that Ral
0.3, and 0.4 respectively.
.. the chances of this hap

e the problem are 0.8,
hree do not solve it.

Let x be the nun
The probabi
[+
s (

Cl= 5 /[32] .23+ /

x+12)(x-3)=0.
issible.

with two dice = 6° = 36.
e following cases : 1-1, 2-2, 3-3, 4-4, 5-5, 6-6, i.e. 6 outcomes.

Total numbe
Same digit will a
.. required probab

As shown above, 5 boys can be seated at 5 places in 5! ways. After this, 3 girls can be seated
in the remaining 6 places in ®p, ways.

.. favorable outcomes = 5! x 6P3
.. probability = 5! / 3!x 6!/ 8!= 5/14.

The probability of the sun shining = 1/3, and the probability of the sun being hidden = 2/3.
The required probability = °C, ( 1/3 )*( 2/3) + °Cs (1/3)%( 2/3)°
.. the required probability = 11/243.

.. the probability that a vessel will be wrecked is 1/10.

The required probability = °C,( 9/10 )* (1/10 ) + °Cs( 9/10 )°( /20 )°
.. the required probability = 45927/ 50000
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20.

21.

22.

23.

24,

Since each institute is equally likely to be taken, the chance of selecting the first is 1/3, and the
chance of taking marketing is 1/4, thus the prob. of choosing marketing here is 1/12.

Similarly, the chance in case of the second institute is 1/3 x 2/6 = 1/9.

Similarly, the chance in the third case is 1/3 x 3/4 = 1/4.

.. The required probability = 1/12 + 1/9 + 1/4 = 4/9.

The probability that yarn selected is green in colour is 25% i.e. ¥%. For the green yarn to be
defective the probability is 7% i.e. /150 . Hence the probability that selected yarn is defective
and green in colour is ¥4 . “/100 = "aoo

Similarly the probability that selected yarn is red in colour and is defective = /109 . *®/100= /125
And the probability that selected yarn is blue in colour and is defective = */100 . **/100= 400
Therefore the probability that selected yarn is defective = 1400 + 125 + 1ago

Probability that the defective yarn selected is green is

= (Number of favourable cases of selecting defectivegreen yarn) / (Total number of cases of
selecting defective yarn).

Hence the answer is ( /a0) / ( "ago + 1125 + 1400 ) =€ lgs

The probability that yarn selected is Red in colour is 40%i.e. %ls.  Foiathe red yarn to be
defective the probability is 2% i.e. %l100="1s0. hence for the red yarn to be non, defective the
probabilit%/ is 1-Yso = */5o. The probability that the selected yarn is non defectivésand red in
colour is “/s X **/sp = *“*/105.

Since we need at least two white balls, we can have 2, 3,4 or 5 white balls. The remaining
balls required to complete gthe set of 5 can be ofgany other. colour. The number of ways of
choosing at least 2 white balls is ('C, x °Cs) #(“Cax °C,) ¥ (‘C4 x °C,) + ('Cs). The total
number of ways of choosing 5 balls from amang 27 is “‘G; . Therefore, the required probability
is {('C2 x Cq) + ('Ca x *°CR) + ({Cax *°Cy) +(("Ce} *Cs.

The total number.of outcomes is 2°. The number of ways in which he can get 0, 1, 2, 3 or 4
heads will be the same,as the number of ways in which we can obtain at least five tails. The
number offways in which'@, 1, 2, 8 or 4 heads can bé obtained is (°C, +°C; +°C, +°C; +°C, ) =
256. Therefore, the required probability is 256 / 2° = %.

To find the number of\points in the sample space, we will have to find the total number of four
digit“odd numbers. The numbers could be of the following types: XX35, X35X, 35XX or any
numbernot containing the digit 3. (Please note that we cannot have a number with the last digit
as 3 because 3 is always followed by 5). It should also be noted that the first digit can never be
0 as we are considering four digit numbers.

Consider the number XX35. T he first digit cannot be 0,3 or 5. This digit can be chosen in 7
different ways. The second digitican now be chosen in 7 different ways. So, there
are 7 x 7 =49 numbers of the form”XX35.

Consider the numbers of the form X35X. The last digit has to be one of 1, 7 or 9 and can be
chosen in 3 different ways. The first digit of these numbers can be chosen in 6 different ways.
So, there are 6 x 3 = 18 such numbers.

Consider the numbers of the form 35XX. The last digit of these numbers has to be one of 1, 7
or 9 and can be chosen in 3 different ways. The last but one digit of these numbers can be
chosen in 7 different ways. So, there are 3 x 7 = 21 such numbers.

Consider numbers which do not contain the digit 3. The last digit of these numbers must be
one of 1, 5, 7 or 9 and can be chosen in 4 different ways. The first digit of these numbers can
be chosen in 8 different ways. The other two digits can be chosen in 7 and 6 different ways.

So, thereare 7 X 7 X6 x4 = 1176 such numbers.

The sample space, thus, has a total of 1176 + 21 + 18 + 49 = 1264. Of these numbers, exactly
one number is 2695. Therefore, the required probability is 1/1264.
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25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

Since two dice are thrown a score of 5 can be obtained in 4 ways (1+4, 2+3, 3+2, 4+1). A score
of 9 can be obtained in 4 ways (3+6, 4+5, 5+4, 6+3). Since the number of ways in both cases is
the same, their respective probabilities must be the same.

Since the last three digits are different, these can be chosen in 10 x 9 x 8 = 720 ways. Of
these, exactly one choice will be the correct number. So, the required probability is 1/720.

5 balls from out of 15 can be chosen in °Cs ways. The number of ways in which only one ball
drawn will be white is °C; x °C, . Therefore, the required probability is(*°C; x °C,)/(*°Cs)
=50/3003.

P(A) = probability that A solves the problem = 1/5. .., P(A’) = 4/5.
P(B) = probability that A solves the problem = 1/6. .., R(B%).= 5/6.
(a) The probability that the problem is solved =1 —
=1-[PA)xP(B) =1-[(4/5) (5/6)]=1-4/6 =1
(b) The probability that B solves the problem but
2/15.

(c) The probability that the problem is not solved is [P

at the problem is not solved)

P(B) = (4/5) x (1/6) =

We require either a King or a Sp have 4 King
included the King of Spades in
So, the requird probability is
A: the first die shows 4, 5 o
P(A) = 3/6 = %. P(B) =
So, the required probabili

and 3 black balls. The

6 white and 2 black balls. The

Dags, the probability of choosing any one bag is Y.
osen. The probability of choosing a red ball from this bag is %2 x 5/12

Suppose the se chosen. The probability of choosing a red ball from this bag is %2 x
1/5 = 1/10.

Therefore the require is 5/24 + 1/10 = 37/120.

Probability (Score is eve 3. Probability (Score is odd) = 1/3. Therefore in long run on
average in each 9 throws the player gets twice the score of 2, 4, 6 and once the score of 1, 3,
5. Therefore the player receives the total money equal to 2(2+4+6)+(1+3+5) = Rs.33 in 9
throws. So on average the player gets 33/9 i.e Rs. 11/3 per throw. Therefore the student
should pay 11/3 - 2/3 = Rs. 3. for each roll.

TV
VCR
From the Venn diagram, 20+10+15+5+(x+y+z) = 70.

Therefore x+y+z = 20.
Therefore the required probability = 20/70 = 2/7. & ’

TR
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36.

37.

38.

39.

40.

Case (1): Event A: First ball is white; second ball is black. Then P(A) = (7/21) x (14/20) = 7/30.
Case (2): Event B: First ball is black; second ball is white. Then P(B) = (14/21) x (7/20) = 7/30.
So, the required probability is P(A) +P(B) = 7/15.

Alternate solution: “C,x**C,) / C, = 7/15

We have 000, 001,004, 009, 016, ... 961. (Note that 31°=961 < 1000 and 32°=1024 > 1000).
Thus there are 32 perfect square numbers which can be formed using 3 digits. From 32
available choices the person will select 1 hence the probability is 1/32.

Since A, B or C could solve the problem independently, these are mutually exclusive events.
Therefore, the required probability is (1 - 0.5) x (1 - 0.2) x (1 - 0.3) = 0.28.

The probability of winning a lottery ticket = 0.25 =
ticket is 0.75 = %4. So, the probability that at least o
1 - *Co(1/4)° x (32)* = 1 - (81/256) = 175/256

he probability of not winning a lottery
lottery tickets will win is

There are a total of 7 floors, including the ground
the remaining 6 floors in 6* ways. The number of wa
elevator on different floors is °P,. So, the required proba

an get off on any of
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